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“Fairly fast” adiabatic 
EMRI waveforms

Progress toward 
making “fast” 

Teukolsky-based 
EMRI waveforms

Based on ongoing work with Niels Warburton 
with critical contributions from Gaurav Khanna
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Review: Equations of motion

λ is a time variable (often Mino time for Kerr), 
and ε = m/M.  Action and angle variables are

dq�

d� = ��(J) + �g(1)
� (q�, qr,J) + O(�2)

q� = (qt, qr, q�, q�) Ji = (E/m,Lz/m,Q/m2)

dJi
d� = �G(1)

i (q�, qr,J) + O(�2)

Generalized angle variables 
describing motion in 

spacetime coordinates
Integrals of motion, describe 

background motion.

Flanagan and Hinderer [PRL 109, 071102 (2012)] 
described motion in action-angle framework:
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Consider these equations order-by-order to 
understand motion that follows in this framework:
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dq�

d� = ��(J) + �g(1)
� (q�, qr,J) + O(�2)

dJi
d� = �G(1)

i (q�, qr,J) + O(�2)

Review: Equations of motion
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dJi
d� = 0

dq�

d� = ��(J)
At order ε0

Zeroth order in mass ratio: Generalized angle 
variables accumulate at rate set by their frequency; 

integrals of motion are conserved.

In simpler words: The zeroth order motion 
is a background spacetime geodesic.

Review: Equations of motion
Consider these equations order-by-order to 

understand motion that follows in this framework:
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At order ε1

Very useful to understand these additional “forcing” 
terms by considering their Fourier expansions:

dq�

d� = ��(J) + �g(1)
� (q�, qr,J)

dJi
d� = �G(1)

i (q�, qr,J)

F (q�, qr) =
�

k,n

Fknei(kq�+nqr)

Fkn =
1

(2�)2

� 2�

0
dq�

� 2�

0
dqr F (q�, qr)e�i(kq�+nqr)

Review: Equations of motion
Consider these equations order-by-order to 

understand motion that follows in this framework:
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Fourier expansion lets us identify terms that oscillate 
on short timescales and terms that accumulate 
secularly over longer intervals.  For most orbits,
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where

F (q�, qr) = �F � + �F (q�, qr)

�F � = F00 �F =
�

k,n�=0

Fknei(kq�+nqr)

Accumulates over 
many orbits

Oscillates over an orbit, 
averages to (nearly) zero

Two timescales
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The equations of motion then become
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dq�

d�
= �� + ��g(1)

� � + ��g(1)
�

dJi

d�
= ��G(1)

i � + ��G(1)
i

Average of the forcing function G(1)i describes the 
leading evolution of integrals of motion:

Drives secular evolution of the system’s orbital 
parameters, on time scale M/ε = M2/m.

�G(1)
i (J)� =

��
dE

d�

�
,

�
dLz

d�

�
,

�
dQ

d�

��

Two timescales

Capra22, 17 19 June 2019X



The equations of motion then become
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dq�

d�
= �� + ��g(1)

� � + ��g(1)
�

dJi

d�
= ��G(1)

i � + ��G(1)
i

Average of the forcing function g(1)α equivalent 
to a shift in the orbital frequencies:

��(J) � ��(J) + ��g(1)
� (J)�

Leading conservative impact on the binary: 
Frequencies are shifted of order ε = m/M.

Two timescales
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Throw out oscillatory parts, integrate up motion 
with bits that survive long-time averaging.
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This averaging is expected to 
work well for “most” orbits 
because the true behavior 

tracks the averaged behavior, 
modulo short timescale 
oscillations which have 
subdominant impact.

dq�

d�
= ��(J) + ��g(1)

� (J)� dJi

d�
= ��G(1)

i (J)�

Adiabatic approximation
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Throw out oscillatory parts, integrate up motion 
with bits that survive long-time averaging.
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Fails at resonances! 
(Topic for different 

discussion.)

dq�

d�
= ��(J) + ��g(1)

� (J)� dJi

d�
= ��G(1)

i (J)�

Adiabatic approximation
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Not uncommon to neglect leading conservative 
correction, modeling system as
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Can be justified: leading conservative correction to 
dqα/dλ has the same magnitude of effect as the 

leading “post-adiabatic” oscillatory piece of dJi/dλ.  

dJi

d�
= ��G(1)

i (J)�dq�

d�
= ��(J)

HOWEVER, reason that these terms contribute 
at this level arises from different physics.  

Worth keeping nomenclature distinct!

Radiative approximation
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Not uncommon to neglect leading conservative 
correction, modeling system as
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In this approach, inspiral is approximated as a 
sequence of geodesics … sequence is determined by 
computing the “fluxes” of orbit integrals (E,Lz,Q).

dJi

d�
= ��G(1)

i (J)�dq�

d�
= ��(J)

Radiative approximation

Resulting waveforms are what we mean by 
“Teukolsky-based” EMRI waveform models.
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Making waveforms
To make time-domain Teukolsky-based waveforms, 
compute fluxes on a grid of geodesics.  Move along 

“flow lines” defined by fluxes of integrals of motion; 
compute amplitude and phase along this flow line.

Example: Tail of each arrow 
is a particular circular orbit 

in the (r, cos I) plane.

Head of arrow is direction 
adiabatic radiation pushes on 
orbit; length is proportional 
to how strongly it pushes.

I
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Making waveforms
To make time-domain Teukolsky-based waveforms, 
compute fluxes on a grid of geodesics.  Move along 

“flow lines” defined by fluxes of integrals of motion; 
compute amplitude and phase along this flow line.

Example: Tail of each arrow 
is a particular circular orbit 

in the (r, cos I) plane.

Result for this example: 
Inspiral flows on curves 
of nearly constant cos I.
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Making waveforms
To make time-domain Teukolsky-based waveforms, 
compute fluxes on a grid of geodesics.  Move along 

“flow lines” defined by fluxes of integrals of motion; 
compute amplitude and phase along this flow line.

h(t;#,') =
1

r

X

lmkn

HlmknSlm[#; a!mkn(t)]e
i[m'��mkn(t)]

<latexit sha1_base64="tpA7m+JTiqsMfg6YnL1GmyH9zH0="></latexit>

Hlmkn = �2Zlmkn/!
2
mkn

<latexit sha1_base64="SuuBed3Emtw5z6DCSLU6BcQZkcI=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCxUJKABAtSBUvHItGHaEvkuG5r1XYi20Gqov4AC7/CwgBCrOxs/A1OmwFajmTp3HPu1fU9QcSo0o7zbeUWFpeWV/KrhbX1jc0te3unrsJYYlLDIQtlM0CKMCpITVPNSDOSBPGAkUYwvE79xgORiobiVo8i0uGoL2iPYqSN5NsHFT9hfCjG8BIee3dZcdIOOekjP0mLe8+3i07JmQDOEzcjRZCh6ttf7W6IY06Exgwp1XKdSHcSJDXFjIwL7ViRCOEh6pOWoQJxojrJ5JoxPDRKF/ZCaZ7QcKL+nkgQV2rEA9PJkR6oWS8V//Nase5ddBIqolgTgaeLejGDOoRpNLBLJcGajQxBWFLzV4gHSCKsTYAFE4I7e/I8qXsl97Tk3ZwVy1dZHHmwB/bBEXDBOSiDCqiCGsDgETyDV/BmPVkv1rv1MW3NWdnMLvgD6/MHzt6baA==</latexit>

�mkn(t) =

Z t

t0

!mkn(t
0) dt0

<latexit sha1_base64="PVX6sitWEHwiUkqMLQdQzxEyQ/w=">AAACGnicbVBNSwMxEM3W7/pV9eglWKQWpOxWQS+C6MVjBatCty7ZNNuGJtklmRXKsr/Di3/FiwdFvIkX/41praDVBwOP92aYmRcmghtw3Q+nMDU9Mzs3v1BcXFpeWS2trV+aONWUNWksYn0dEsMEV6wJHAS7TjQjMhTsKuyfDv2rW6YNj9UFDBLWlqSreMQpASsFJc9v9HiQyb7Kd6CKj7DPFQQZBG5+A34sWZd8u5Wqv9uBSlAquzV3BPyXeGNSRmM0gtKb34lpKpkCKogxLc9NoJ0RDZwKlhf91LCE0D7pspalikhm2tnotRxvW6WDo1jbUoBH6s+JjEhjBjK0nZJAz0x6Q/E/r5VCdNjOuEpSYIp+LYpSgSHGw5xwh2tGQQwsIVRzeyumPaIJBZtm0YbgTb78l1zWa95erX6+Xz4+GccxjzbRFtpBHjpAx+gMNVATUXSHHtATenbunUfnxXn9ai0445kN9AvO+ycPLaA9</latexit>

Some of these quantities are expensive … 
but they can be computed in advance, 
stored, and provided for general use.
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Phase of Zlmkn / Hlmkn
The complex amplitude Zlmkn (found by solving 
the radial Teukolsky equation) depends upon 
the relative phase of the r, θ, and φ motions.

r =
p

1 + e cos(�r + �r0)
<latexit sha1_base64="emOa6SKvnOH3+IVj5KVPoXYwzE8=">AAACFHicbZBNS8MwGMfT+TbnW9Wjl+AQJoPRTkEvwtCLxwnuBdZS0izdwtKmJKkwSj+EF7+KFw+KePXgzW9j1vWgm38I/PJ/nofk+fsxo1JZ1rdRWlldW98ob1a2tnd298z9g67kicCkgznjou8jSRiNSEdRxUg/FgSFPiM9f3Izq/ceiJCUR/dqGhM3RKOIBhQjpS3PrAt4BZ1AIJzGWWrDOiQO5rLm4DH1hL7mkAorO808s2o1rFxwGewCqqBQ2zO/nCHHSUgihRmScmBbsXJTJBTFjGQVJ5EkRniCRmSgMUIhkW6aL5XBE+0MYcCFPpGCuft7IkWhlNPQ150hUmO5WJuZ/9UGiQou3ZRGcaJIhOcPBQmDisNZQnBIBcGKTTUgLKj+K8RjpBNSOseKDsFeXHkZus2GfdZo3p1XW9dFHGVwBI5BDdjgArTALWiDDsDgETyDV/BmPBkvxrvxMW8tGcXMIfgj4/MH/36c7A==</latexit>

cos ✓ = sin I cos(�✓ + �✓0)
<latexit sha1_base64="i/sWj5OanXn2nPwY40JA5oK7LeA=">AAACH3icbVDLSgMxFM34rPVVdekmWISKUGaqqBuh6EZ3FewDOmXIpJk2NJMZkjtCGfonbvwVNy4UEXf9G9N2Ftp6IHDuOfdyc48fC67BtsfW0vLK6tp6biO/ubW9s1vY22/oKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9Ae3E7/5xJTmkXyEYcw6IelJHnBKwEhe4cKlkXahz4Dga+xqLvE9nmgll/a5lzmneFqls9IenXiFol22p8CLxMlIEWWoeYVvtxvRJGQSqCBatx07hk5KFHAq2CjvJprFhA5Ij7UNlSRkupNO7xvhY6N0cRAp8yTgqfp7IiWh1sPQN50hgb6e9ybif147geCqk3IZJ8AknS0KEoEhwpOwcJcrRkEMDSFUcfNXTPtEEQom0rwJwZk/eZE0KmXnrFx5OC9Wb7I4cugQHaESctAlqqI7VEN1RNEzekXv6MN6sd6sT+tr1rpkZTMH6A+s8Q8r4KHR</latexit>

Example of Zlmkn as a function 
of “initial” radial phase 𝞆r0 

(blue = real, red = imag)
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Phase of Zlmkn / Hlmkn
Phase of the amplitude depends in a simple way on 

an orbit’s initial condition parameters:

Zlmkn = ei⇠mknŽlmkn
<latexit sha1_base64="nT8i2PJuZBLF4JJjHHH6Zk2YsnQ=">AAACEnicbVDLSgMxFM34rPU16tJNsAi6KTNV0I1QdOOygn1gOw6Z9LYNzWSGJCOWYb7Bjb/ixoUibl25829MH4K2HgicnHMuyT1BzJnSjvNlzc0vLC4t51byq2vrG5v21nZNRYmkUKURj2QjIAo4E1DVTHNoxBJIGHCoB/2LoV+/A6lYJK71IAYvJF3BOowSbSTfPrzxUx72RYbPMNymrHXP/HR4z3CL9oD28U/AtwtO0RkBzxJ3Qgpogopvf7baEU1CEJpyolTTdWLtpURqRjlk+VaiICa0T7rQNFSQEJSXjlbK8L5R2rgTSXOExiP190RKQqUGYWCSIdE9Ne0Nxf+8ZqI7p17KRJxoEHT8UCfhWEd42A9uMwlU84EhhEpm/oppj0hCtWkxb0pwp1eeJbVS0T0qlq6OC+XzSR05tIv20AFy0Qkqo0tUQVVE0QN6Qi/o1Xq0nq03630cnbMmMzvoD6yPb7jeniQ=</latexit>

where            is the amplitude of the “fiducial 
geodesic,” the geodesic for which all the offset 

phases are zero when clocks start ticking, and where

Žlmkn
<latexit sha1_base64="nYfFeEk8+shynG8wXFf+wNmHZrI=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSBT0WvXisYD+wDWGznbRLNpuwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo5JMUmjThCeyFxAFnAloa6Y59FIJJA44dIPoZuZ3H0Eqloh7PUnBi8lIsJBRoo3k29UBHQON8IOf8zgSU9+uOXVnDrxK3ILUUIGWb38NhgnNYhCacqJU33VS7eVEakY5TCuDTEFKaERG0DdUkBiUl88Pn+JTowxxmEhTQuO5+nsiJ7FSkzgwnTHRY7XszcT/vH6mwysvZyLNNAi6WBRmHOsEz1LAQyaBaj4xhFDJzK2YjokkVJusKiYEd/nlVdJp1N3zeuPuota8LuIoo2N0gs6Qiy5RE92iFmojijL0jF7Rm/VkvVjv1seitWQVM0foD6zPH7lckyI=</latexit>

⇠mkn = m
⇥
��̌r(�r0) +��̌✓(�✓0)� �0

⇤

+ k⌥✓�✓0(�✓0)

+ n⌥r�r0(�r0)

� !mkn

⇥
�ťr(�r0) +�ť✓(�✓0)

⇤
<latexit sha1_base64="CKsgIOgkEF2Gk65Z7mRQyNJK//E="></latexit>

Quantities used to 
describe φ and t as 

functions of λ  
(Drasco & Hughes 2004; 
Fujita & Hikida 2009)

Capra22, 17 19 June 2019X

(Derivation: Drasco, Flanagan, Hughes 2005)



Scott A. Hughes, MIT

Phase of Zlmkn / Hlmkn
Phase of the amplitude depends in a simple way on 

an orbit’s initial condition parameters:

Zlmkn = ei⇠mknŽlmkn
<latexit sha1_base64="nT8i2PJuZBLF4JJjHHH6Zk2YsnQ=">AAACEnicbVDLSgMxFM34rPU16tJNsAi6KTNV0I1QdOOygn1gOw6Z9LYNzWSGJCOWYb7Bjb/ixoUibl25829MH4K2HgicnHMuyT1BzJnSjvNlzc0vLC4t51byq2vrG5v21nZNRYmkUKURj2QjIAo4E1DVTHNoxBJIGHCoB/2LoV+/A6lYJK71IAYvJF3BOowSbSTfPrzxUx72RYbPMNymrHXP/HR4z3CL9oD28U/AtwtO0RkBzxJ3Qgpogopvf7baEU1CEJpyolTTdWLtpURqRjlk+VaiICa0T7rQNFSQEJSXjlbK8L5R2rgTSXOExiP190RKQqUGYWCSIdE9Ne0Nxf+8ZqI7p17KRJxoEHT8UCfhWEd42A9uMwlU84EhhEpm/oppj0hCtWkxb0pwp1eeJbVS0T0qlq6OC+XzSR05tIv20AFy0Qkqo0tUQVVE0QN6Qi/o1Xq0nq03630cnbMmMzvoD6yPb7jeniQ=</latexit>

where            is the amplitude of the “fiducial 
geodesic,” the geodesic for which all the offset 

phases are zero when clocks start ticking, and where

Žlmkn
<latexit sha1_base64="nYfFeEk8+shynG8wXFf+wNmHZrI=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSBT0WvXisYD+wDWGznbRLNpuwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo5JMUmjThCeyFxAFnAloa6Y59FIJJA44dIPoZuZ3H0Eqloh7PUnBi8lIsJBRoo3k29UBHQON8IOf8zgSU9+uOXVnDrxK3ILUUIGWb38NhgnNYhCacqJU33VS7eVEakY5TCuDTEFKaERG0DdUkBiUl88Pn+JTowxxmEhTQuO5+nsiJ7FSkzgwnTHRY7XszcT/vH6mwysvZyLNNAi6WBRmHOsEz1LAQyaBaj4xhFDJzK2YjokkVJusKiYEd/nlVdJp1N3zeuPuota8LuIoo2N0gs6Qiy5RE92iFmojijL0jF7Rm/VkvVjv1seitWQVM0foD6zPH7lckyI=</latexit>

⇠mkn = m
⇥
��̌r(�r0) +��̌✓(�✓0)� �0

⇤

+ k⌥✓�✓0(�✓0)

+ n⌥r�r0(�r0)

� !mkn

⇥
�ťr(�r0) +�ť✓(�✓0)

⇤
<latexit sha1_base64="CKsgIOgkEF2Gk65Z7mRQyNJK//E="></latexit>

Comment 1: 𝛘r0 and 𝛘θ0 are 
constant along inspiral 

if only dissipative effects 
are considered.
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Phase of Zlmkn / Hlmkn
Phase of the amplitude depends in a simple way on 

an orbit’s initial condition parameters:

Zlmkn = ei⇠mknŽlmkn
<latexit sha1_base64="nT8i2PJuZBLF4JJjHHH6Zk2YsnQ=">AAACEnicbVDLSgMxFM34rPU16tJNsAi6KTNV0I1QdOOygn1gOw6Z9LYNzWSGJCOWYb7Bjb/ixoUibl25829MH4K2HgicnHMuyT1BzJnSjvNlzc0vLC4t51byq2vrG5v21nZNRYmkUKURj2QjIAo4E1DVTHNoxBJIGHCoB/2LoV+/A6lYJK71IAYvJF3BOowSbSTfPrzxUx72RYbPMNymrHXP/HR4z3CL9oD28U/AtwtO0RkBzxJ3Qgpogopvf7baEU1CEJpyolTTdWLtpURqRjlk+VaiICa0T7rQNFSQEJSXjlbK8L5R2rgTSXOExiP190RKQqUGYWCSIdE9Ne0Nxf+8ZqI7p17KRJxoEHT8UCfhWEd42A9uMwlU84EhhEpm/oppj0hCtWkxb0pwp1eeJbVS0T0qlq6OC+XzSR05tIv20AFy0Qkqo0tUQVVE0QN6Qi/o1Xq0nq03630cnbMmMzvoD6yPb7jeniQ=</latexit>

where            is the amplitude of the “fiducial 
geodesic,” the geodesic for which all the offset 

phases are zero when clocks start ticking, and where

Žlmkn
<latexit sha1_base64="nYfFeEk8+shynG8wXFf+wNmHZrI=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSBT0WvXisYD+wDWGznbRLNpuwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo5JMUmjThCeyFxAFnAloa6Y59FIJJA44dIPoZuZ3H0Eqloh7PUnBi8lIsJBRoo3k29UBHQON8IOf8zgSU9+uOXVnDrxK3ILUUIGWb38NhgnNYhCacqJU33VS7eVEakY5TCuDTEFKaERG0DdUkBiUl88Pn+JTowxxmEhTQuO5+nsiJ7FSkzgwnTHRY7XszcT/vH6mwysvZyLNNAi6WBRmHOsEz1LAQyaBaj4xhFDJzK2YjokkVJusKiYEd/nlVdJp1N3zeuPuota8LuIoo2N0gs6Qiy5RE92iFmojijL0jF7Rm/VkvVjv1seitWQVM0foD6zPH7lckyI=</latexit>

Comment 2: This phase can be written

⇠mkn = m⇠100 + k⇠010 + n⇠001
<latexit sha1_base64="ua/pr4dwAjGKLjYAkVz7X2pTYmo=">AAACGXicbVDLSgMxFM3UV62vUZdugkUQhJKpgm6EohuXFewD2qFk0rQNTTJDkhHLML/hxl9x40IRl7ryb0yns9DWC4HzuJebe4KIM20Q+nYKS8srq2vF9dLG5tb2jru719RhrAhtkJCHqh1gTTmTtGGY4bQdKYpFwGkrGF9P/dY9VZqF8s5MIuoLPJRswAg2Vuq5qPvAeokYyxReQpERD6EUnsBxRpCXETkjyEt7bhlVUFZwEXg5KIO86j33s9sPSSyoNIRjrTseioyfYGUY4TQtdWNNI0zGeEg7FkosqPaT7LIUHlmlDwehsk8amKm/JxIstJ6IwHYKbEZ63puK/3md2Awu/ITJKDZUktmiQcyhCeE0JthnihLDJxZgopj9KyQjrDAxNsySDcGbP3kRNKsV77RSvT0r167yOIrgAByCY+CBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6y14OQz++BPOV8/FSeecQ==</latexit>

significantly reducing what must be computed / stored. 
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Complicated waveform = 
Sum over simple “voices”

Can be very 
complicated

h(t;#,') =
1

r

X

lmkn

HlmknSlm[#; a!mkn(t)]e
i[m'��mkn(t)]

<latexit sha1_base64="tpA7m+JTiqsMfg6YnL1GmyH9zH0="></latexit>

Each term is quite 
smooth and simple

“Voices” which contribute to a radiative EMRI 
model can be sampled much more sparsely 

than the total waveform suggests.
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1st test case: Low eccentricity 
inspiral into Schwarzschild

With Niels Warburton, have studied inspiral that begins 
with p = 16M, e = 0.2 into a = 0; compare with time-
domain solution (data provided by Gaurav Khanna).

Amplitudes of 
l = 2 voices

m = 2 m = -2

n = 0 n = 0

n = 1
n = 1

n = 2n = 2

n = 3n = 3

n = 4

n = 4

Capra22, 17 19 June 2019X



Scott A. Hughes, MIT

1st test case: Low eccentricity 
inspiral into Schwarzschild

With Niels Warburton, have studied inspiral that begins 
with p = 16M, e = 0.2 into a = 0; compare with time-
domain solution (data provided by Gaurav Khanna).

Phases of 
l = 2 voices

m = 2 m = -2

n = 0

4

1

3

2
2 1

3

4

n = 0

Notice phase 
evolution is not 
monotonic for 
(m,n) = (-2,3) 

and (-2,4)
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Scott A. Hughes, MIT

1st test case: Low eccentricity 
inspiral into Schwarzschild

With Niels Warburton, have studied inspiral that begins 
with p = 16M, e = 0.2 into a = 0; compare with time-
domain solution (data provided by Gaurav Khanna).

Behavior of 
phase ξmn over 

inspiral.
�r0 = 0

<latexit sha1_base64="RMjRhprexAY+kU9MASebgrXkQSk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHCOYByRJmJ51kyOzsOjMbCEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfy0Uxi9EM6kLzPGTVW8jtsyLupcqfkhrjdYsktu3OQVeJlpAQZat3iV6cXsSREaZigWrc9NzZ+SpXhTOC00Ek0xpSN6ADblkoaovbT+dFTcmaVHulHypY0ZK7+nkhpqPUkDGxnSM1QL3sz8T+vnZj+tZ9yGScGJVss6ieCmIjMEiA9rpAZMbGEMsXtrYQNqaLM2JwKNgRv+eVV0qiUvYty5eGyVL3N4sjDCZzCOXhwBVW4hxrUgcETPMMrvDlj58V5dz4WrTknmzmGP3A+fwBsXJE2</latexit>

�r0 = 0
<latexit sha1_base64="RMjRhprexAY+kU9MASebgrXkQSk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHCOYByRJmJ51kyOzsOjMbCEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDfzm2NUmkfy0Uxi9EM6kLzPGTVW8jtsyLupcqfkhrjdYsktu3OQVeJlpAQZat3iV6cXsSREaZigWrc9NzZ+SpXhTOC00Ek0xpSN6ADblkoaovbT+dFTcmaVHulHypY0ZK7+nkhpqPUkDGxnSM1QL3sz8T+vnZj+tZ9yGScGJVss6ieCmIjMEiA9rpAZMbGEMsXtrYQNqaLM2JwKNgRv+eVV0qiUvYty5eGyVL3N4sjDCZzCOXhwBVW4hxrUgcETPMMrvDlj58V5dz4WrTknmzmGP3A+fwBsXJE2</latexit>

�r0 = ⇡/6
<latexit sha1_base64="vjhPulh7AiwNNn/xpyGnOM9L9jU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVJMq6kUoevFYwX5AE8pmu2mXbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnSjvOt7W0vLK6tl7YKG5ube/s2qW9popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4c3Ebz1QqVgs7vUooX6E+4KFjGBtpK5d8siAdTPpjNEV8hJ2ct61y07FmQItEjcnZchR79pfXi8maUSFJhwr1XGdRPsZlpoRTsdFL1U0wWSI+7RjqMARVX42PX2MjozSQ2EsTQmNpurviQxHSo2iwHRGWA/UvDcR//M6qQ4v/YyJJNVUkNmiMOVIx2iSA+oxSYnmI0MwkczcisgAS0y0SatoQnDnX14kzWrFPa1U787Ktes8jgIcwCEcgwsXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZ/bhD6zPH7D5kvk=</latexit>

�r0 = ⇡/6
<latexit sha1_base64="vjhPulh7AiwNNn/xpyGnOM9L9jU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVJMq6kUoevFYwX5AE8pmu2mXbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnSjvOt7W0vLK6tl7YKG5ube/s2qW9popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4c3Ebz1QqVgs7vUooX6E+4KFjGBtpK5d8siAdTPpjNEV8hJ2ct61y07FmQItEjcnZchR79pfXi8maUSFJhwr1XGdRPsZlpoRTsdFL1U0wWSI+7RjqMARVX42PX2MjozSQ2EsTQmNpurviQxHSo2iwHRGWA/UvDcR//M6qQ4v/YyJJNVUkNmiMOVIx2iSA+oxSYnmI0MwkczcisgAS0y0SatoQnDnX14kzWrFPa1U787Ktes8jgIcwCEcgwsXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZ/bhD6zPH7D5kvk=</latexit>

�r0 = ⇡/2
<latexit sha1_base64="jr2FiiTYuNXjQBZwRIpnMCKpyS4=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5pUQS9C0YvHCvYDmhA22227dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0w4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdkKsKGeCNjXTnHYSSXEUctoORzdTv/1ApWKxuNfjhPoRHgjWZwRrIwV22SNDFmTSmaAr5CXstBbYFafqzICWiZuTCuRoBPaX14tJGlGhCcdKdV0n0X6GpWaE00nJSxVNMBnhAe0aKnBElZ/NTp+gY6P0UD+WpoRGM/X3RIYjpcZRaDojrIdq0ZuK/3ndVPcv/YyJJNVUkPmifsqRjtE0B9RjkhLNx4ZgIpm5FZEhlphok1bJhOAuvrxMWrWqe1at3Z1X6td5HEU4hCM4ARcuoA630IAmEHiEZ3iFN+vJerHerY95a8HKZw7gD6zPH6rpkvU=</latexit>

�r0 = ⇡/2
<latexit sha1_base64="jr2FiiTYuNXjQBZwRIpnMCKpyS4=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5pUQS9C0YvHCvYDmhA22227dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0w4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdkKsKGeCNjXTnHYSSXEUctoORzdTv/1ApWKxuNfjhPoRHgjWZwRrIwV22SNDFmTSmaAr5CXstBbYFafqzICWiZuTCuRoBPaX14tJGlGhCcdKdV0n0X6GpWaE00nJSxVNMBnhAe0aKnBElZ/NTp+gY6P0UD+WpoRGM/X3RIYjpcZRaDojrIdq0ZuK/3ndVPcv/YyJJNVUkPmifsqRjtE0B9RjkhLNx4ZgIpm5FZEhlphok1bJhOAuvrxMWrWqe1at3Z1X6td5HEU4hCM4ARcuoA630IAmEHiEZ3iFN+vJerHerY95a8HKZw7gD6zPH6rpkvU=</latexit>�r0 = 3⇡/2

<latexit sha1_base64="ZehFd5d/ZjbG4TpEJ97CUcIdQVU=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVU1aQTdC0Y3LCvYBTQiT6aQdOnkwMxFLyK+4caGIW3/EnX/jtM1CWw9cOJxzL/fe4yecSWVZ30ZpbX1jc6u8XdnZ3ds/MA+rXRmngtAOiXks+j6WlLOIdhRTnPYTQXHoc9rzJ7czv/dIhWRx9KCmCXVDPIpYwAhWWvLMqkPGzMuElaNr1HQSdt7wzJpVt+ZAq8QuSA0KtD3zyxnGJA1ppAjHUg5sK1FuhoVihNO84qSSJphM8IgONI1wSKWbzW/P0alWhiiIha5Iobn6eyLDoZTT0NedIVZjuezNxP+8QaqCKzdjUZIqGpHFoiDlSMVoFgQaMkGJ4lNNMBFM34rIGAtMlI6rokOwl19eJd1G3W7WG/cXtdZNEUcZjuEEzsCGS2jBHbShAwSe4Ble4c3IjRfj3fhYtJaMYuYI/sD4/AEibJMy</latexit>

�r0 = 3⇡/2
<latexit sha1_base64="ZehFd5d/ZjbG4TpEJ97CUcIdQVU=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVU1aQTdC0Y3LCvYBTQiT6aQdOnkwMxFLyK+4caGIW3/EnX/jtM1CWw9cOJxzL/fe4yecSWVZ30ZpbX1jc6u8XdnZ3ds/MA+rXRmngtAOiXks+j6WlLOIdhRTnPYTQXHoc9rzJ7czv/dIhWRx9KCmCXVDPIpYwAhWWvLMqkPGzMuElaNr1HQSdt7wzJpVt+ZAq8QuSA0KtD3zyxnGJA1ppAjHUg5sK1FuhoVihNO84qSSJphM8IgONI1wSKWbzW/P0alWhiiIha5Iobn6eyLDoZTT0NedIVZjuezNxP+8QaqCKzdjUZIqGpHFoiDlSMVoFgQaMkGJ4lNNMBFM34rIGAtMlI6rokOwl19eJd1G3W7WG/cXtdZNEUcZjuEEzsCGS2jBHbShAwSe4Ble4c3IjRfj3fhYtJaMYuYI/sD4/AEibJMy</latexit>

�r0 = 11⇡/6
<latexit sha1_base64="mC7QRfMeIUj9W9K326sfpVrecbM=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVU2qqBuh6MZlBfuAJoTJdNIOnTyYmQgh1F9x40IRt36IO//GaZuFth64cDjnXu69x084k8qyvo3Syura+kZ5s7K1vbO7Z+4fdGScCkLbJOax6PlYUs4i2lZMcdpLBMWhz2nXH99O/e4jFZLF0YPKEuqGeBixgBGstOSZVYeMmJcLa4KukW07CTu98MyaVbdmQMvELkgNCrQ888sZxCQNaaQIx1L2bStRbo6FYoTTScVJJU0wGeMh7Wsa4ZBKN58dP0HHWhmgIBa6IoVm6u+JHIdSZqGvO0OsRnLRm4r/ef1UBVduzqIkVTQi80VBypGK0TQJNGCCEsUzTTARTN+KyAgLTJTOq6JDsBdfXiadRt0+qzfuz2vNmyKOMhzCEZyADZfQhDtoQRsIZPAMr/BmPBkvxrvxMW8tGcVMFf7A+PwBmf+Tbw==</latexit>

�r0 = 11⇡/6
<latexit sha1_base64="mC7QRfMeIUj9W9K326sfpVrecbM=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVU2qqBuh6MZlBfuAJoTJdNIOnTyYmQgh1F9x40IRt36IO//GaZuFth64cDjnXu69x084k8qyvo3Syura+kZ5s7K1vbO7Z+4fdGScCkLbJOax6PlYUs4i2lZMcdpLBMWhz2nXH99O/e4jFZLF0YPKEuqGeBixgBGstOSZVYeMmJcLa4KukW07CTu98MyaVbdmQMvELkgNCrQ888sZxCQNaaQIx1L2bStRbo6FYoTTScVJJU0wGeMh7Wsa4ZBKN58dP0HHWhmgIBa6IoVm6u+JHIdSZqGvO0OsRnLRm4r/ef1UBVduzqIkVTQi80VBypGK0TQJNGCCEsUzTTARTN+KyAgLTJTOq6JDsBdfXiadRt0+qzfuz2vNmyKOMhzCEZyADZfQhDtoQRsIZPAMr/BmPBkvxrvxMW8tGcVMFf7A+PwBmf+Tbw==</latexit>

Note: 𝛘r0 is 
constant, but 

mapping 
between it and 
ξmn evolves.
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Scott A. Hughes, MIT

1st test case: Low eccentricity 
inspiral into Schwarzschild

With Niels Warburton, have studied inspiral that begins 
with p = 16M, e = 0.2 into a = 0; compare with time-
domain solution (data provided by Gaurav Khanna).

Time-domain waveform we assemble 
(mass ratio η = 10-4) … general 

behavior at top, impact of phase 
correction ξmn on bottom.

Red curves: radial phase 𝛘r0 = π/3 

Blue curves: radial phase 𝛘r0 = 0
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Scott A. Hughes, MIT

1st test case: Low eccentricity 
inspiral into Schwarzschild

With Niels Warburton, have studied inspiral that begins 
with p = 16M, e = 0.2 into a = 0; compare with time-
domain solution (data provided by Gaurav Khanna).

Blue: Time domain waveform computed by Khanna 
Yellow: Frequency domain waveform

𝛘r0 = 0

(Early)

(Late)
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Scott A. Hughes, MIT

1st test case: Low eccentricity 
inspiral into Schwarzschild

With Niels Warburton, have studied inspiral that begins 
with p = 16M, e = 0.2 into a = 0; compare with time-
domain solution (data provided by Gaurav Khanna).

Blue xs: Time domain waveform computed by Khanna 
Red curve: Frequency domain waveform

𝛘r0 = 

π/3

(Early)

(Late)
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Scott A. Hughes, MIT

In progress: High eccentricity 
into Schwarzschild

Second case we’ve looked at briefly: inspiral that begins 
with p = 12.5M, e = 0.7 into a = 0; compare with time-

domain solution (data provided by Gaurav Khanna).

Red curve: Time domain waveform computed by Khanna 
Blue curve: Frequency domain waveform

𝛘r0 = 0(Early) (Late)
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Scott A. Hughes, MIT

Frequency domain

Seems to be a natural place to use the stationary 
phase approximation (SPA): given

At Capra 21, Stas Babak exhorted us to make frequency-
domain EMRI waveforms … especially important as these 
models get linked to science and data analysis studies.

and given 1

F

dA

dt
⌧ A ,

Ḟ

F
⌧ F

<latexit sha1_base64="9m6hhEUpXyBut6EBLyNvv5C353E=">AAACJnicbVDLSgMxFM34rPU16tJNsAgupMxUQUGEVqG4rGAf0Cklk8m0oZmHyR2hDPM1bvwVNy4qIu78FNPHQlsPBA7nnJvkHjcWXIFlfRlLyyura+u5jfzm1vbOrrm331BRIimr00hEsuUSxQQPWR04CNaKJSOBK1jTHdyO/eYTk4pH4QMMY9YJSC/kPqcEtNQ1rx1fEpraWVrNptSrZKkHGXaEwBXn6tR5TIiHp57jRYCr4+zErnbNglW0JsCLxJ6RApqh1jVH+gqaBCwEKohSbduKoZMSCZwKluWdRLGY0AHpsbamIQmY6qSTNTN8rBUP+5HUJwQ8UX9PpCRQahi4OhkQ6Kt5byz+57UT8C87KQ/jBFhIpw/5icAQ4XFn2OOSURBDTQiVXP8V0z7RhYBuNq9LsOdXXiSNUtE+K5buzwvlm1kdOXSIjtAJstEFKqM7VEN1RNEzekUj9G68GG/Gh/E5jS4Zs5kD9AfG9w/wi6Vl</latexit>

Then:

where t(f) is the time at which F = f.

h(t) = A(t)e�i�(t) , F (t) ⌘ 1

2⇡

d�

dt
, Ḟ (t) ⌘ 1

2⇡

d2�

dt2
<latexit sha1_base64="uHx9c3RNiHuw+8lOn4j2HbFVTmY="></latexit>

h̃(f) ' A[t(f)]e�i[⇡/4+�0]

q
Ḟ [t(f)]

<latexit sha1_base64="VQQh8OEes5yQcmosKA9b3i5aWRg="></latexit>
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Scott A. Hughes, MIT

Breaks down for some voices

Saw an example of this 
behavior in the example 
shown a few slides ago:

Simple in principle to extend this to a signal with 
multiple voices … but run into a problem with voices 

for which phase evolution is not monotonic.

Ḟ ! 0
<latexit sha1_base64="hcalfbMSKtMb9+bsYzojKcJ495A=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FhUxGMF+wFNKJvtpl26yYbdiVBK/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jco04w2mpNLtkBouRcIbKFDydqo5jUPJW+HwZuq3nrg2QiWPOEp5ENN+IiLBKFrJ928VkjvioyJut1R2K+4MZJl4OSlDjnq39OX3FMtiniCT1JiO56YYjKlGwSSfFP3M8JSyIe3zjqUJjbkJxrObJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif18kwugrGIkkz5AmbL4oySeyL0wBIT2jOUI4soUwLeythA6opQxtT0YbgLb68TJrVindeqT5clGvXeRwFOIYTOAMPLqEG91CHBjBI4Rle4c3JnBfn3fmYt644+cwR/IHz+QNPu5CO</latexit>

The SPA formula 
diverges here!

h̃(f) ' A[t(f)]e�i[⇡/4+�0]

q
Ḟ [t(f)]

<latexit sha1_base64="VQQh8OEes5yQcmosKA9b3i5aWRg="></latexit>
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Scott A. Hughes, MIT

Breaks down for some voices

Reason is that SPA assumes 
instantaneous frequency 
and frequency’s rate of 

change completely 
characterizes Φ(t).

Simple in principle to extend this to a signal with 
multiple voices … but run into a problem with voices 

for which phase evolution is not monotonic.

Ḟ ! 0
<latexit sha1_base64="hcalfbMSKtMb9+bsYzojKcJ495A=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FhUxGMF+wFNKJvtpl26yYbdiVBK/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jco04w2mpNLtkBouRcIbKFDydqo5jUPJW+HwZuq3nrg2QiWPOEp5ENN+IiLBKFrJ928VkjvioyJut1R2K+4MZJl4OSlDjnq39OX3FMtiniCT1JiO56YYjKlGwSSfFP3M8JSyIe3zjqUJjbkJxrObJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif18kwugrGIkkz5AmbL4oySeyL0wBIT2jOUI4soUwLeythA6opQxtT0YbgLb68TJrVindeqT5clGvXeRwFOIYTOAMPLqEG91CHBjBI4Rle4c3JnBfn3fmYt644+cwR/IHz+QNPu5CO</latexit>

Need to include more 
information about how 
the phase is evolving.
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Scott A. Hughes, MIT

Extended SPA

Standard calc: Neglect F term, note integrand 
oscillates least when f = F (i.e., phase is stationary).

Redo the stationary phase calculation, but include 
information about the next term: 2πF = d3Φ/dt3.¨

h̃(f) =

Z 1

�1
A(t)ei[2⇡ft��(t)]dt

'
Z 1

�1
A(t)ei[2⇡ft��0�2⇡Ft�⇡Ḟ t2�⇡F̈ t3/3]dt

<latexit sha1_base64="XV0VgOWwuVCFtP1AXkfdsqomRPI="></latexit>

¨

h̃(f) ' lim
�!0

A[t(f)]e�i�0 exp

"
(� + 2⇡iḞ )3

12⇡2F̈ 2

#
K1/3

"
(� + 2⇡iḞ )3

12⇡2F̈ 2

#

<latexit sha1_base64="9Z9VRk3Gy7J7/qf4YQZdhGEkMvA="></latexit>

Extended: Repeat, but include F:̈
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Scott A. Hughes, MIT

Extended SPA

Note: when F is “small,” not too hard to show that 
this yields a simple correction to standard SPA:

Redo the stationary phase calculation, but include 
information about the next term: 2πF = d3Φ/dt3.¨

h̃(f) =

Z 1

�1
A(t)ei[2⇡ft��(t)]dt

'
Z 1

�1
A(t)ei[2⇡ft��0�2⇡Ft�⇡Ḟ t2�⇡F̈ t3/3]dt

<latexit sha1_base64="XV0VgOWwuVCFtP1AXkfdsqomRPI="></latexit>

¨

h̃(f) ' A[t(f)]e�i(�0+⇡/4)

q
Ḟ [t(f)]

 
1 +

5i

48⇡

(F̈ )2

(Ḟ )3

!

<latexit sha1_base64="kVUX0xpKYralb1L6CEMezoNFZ5E="></latexit>
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Scott A. Hughes, MIT

Moving forward
Planned next steps: 

1. More example cases; careful profiling of CPU time 
for making waveforms. 

2. Data sets for equatorial orbits and circular orbits 
already exist, will be released through Black Hole 
Perturbation Theory Toolkit very soon (some data 
already there). 
✴ One partial generic data set exists; porting GREMLIN to a 

larger compute cluster to expand. 
3. Software for processing data, generating waveforms 

will be provided with Teukolsky and flux data. 
4. Frequency domain!  Have not yet tested or 

implemented any of that yet.
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Scott A. Hughes, MIT

Description of available data sets
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Equatorial eccentric
Sets exist for a/M = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 
0.7, 0.8, 0.9, 0.95, 0.99; prograde and retrograde.

Scott A. Hughes, MIT

Evenly spaced in 

u = 1/sqrt(p - 0.9pLSO) 

from pmin = pLSO + 0.02M 
to pmax = pmin + 10M.

All l from 2 to 10 
All m for each l 

Enough n for fluxes to 
converge to 10-8.

Has e = 0, 0.1, 0.2, 0.3, 0.4, 
0.5, 0.6, 0.7, 0.8.
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Circular inclined
Same range of spin as equatorial data; spacing in r 

identical to the algorithm used to space in p.

Scott A. Hughes, MIT

For each spin, covers 16 
values of cos I, evenly spaced 
between prograde (cos I = 1) 
and retrograde (cos I = -1).

All l from 2 to 10 
All m for each l 

Enough k for fluxes to 
converge to 10-10.

Capra22, 17 19 June 2019X
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Generic
Only one case started so far: a = 0.7M

Scott A. Hughes, MIT

16 inclinations from prograde eq to retrograde eq 

Eccentricities e = 0, 0.1, 0.2, 0.3, 0.4 

p evenly spaced between pmin = pLSO + 0.02M 
and pmax = pmin + 10M

Generic data sets have MUCH greater computational 
cost: Orbital parameter space is 3-D; each mode has 4 

indices (spheroidal mode l and harmonics of all 3 
orbital frequencies).  Test case saturated easily 

available resources at MIT, ran for several weeks.
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