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Abstract: We show that particle drift may play an important role in the transport of ultra-high energy cosmic rays
(UHECRs) and their measured anisotropy, particularly when the transport is anisotropic. Drift and anisotropic
diffusion has not been adequately included in previous studies. To fully account for the discreteness of UHECR
sources in space and time, the Monte Carlo method is used to randomly place sources in the Galaxy and calculate
the anisotropy of UHECR flux, given specific realisations of source distribution. We show that reduction in
the rate of cross-field transport reduces the anisotropy. However, if the cross-field transport is very small, drift
of UHECRs in the Galactic magnetic field (GMF) becomes the dominant contributor to the anisotropy. Test
particle simulations further illustrate the effect of drift and verify our analytical calculation. The surprisingly low
anisotropy measured by Auger can be interpreted as intermittency of UHECR sources, without invoking a flat
source distribution and/or a high source rate.
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1 Introduction
It is widely suspected that the abrupt flattening of the cosmic ray (CR) spectrum above 4 EeV, the so-called ankle [16] of the CR spectrum, is due to transition from
the Galactic to extragalactic sources. The sources of EeV
UHECRs is still an open question. Blast waves from supernova remnants are believed to be unable to accelerate CR
protons to energy beyond 1014.5 eV [14], though [13] has
argued that higher energies may be attainable on equatorial
drift trajectories if the magnetic field is sufficiently ordered.
As proposed by [15], GRBs occurring in our Galaxy are
possible sources for CRs up to the ankle. Once injected by
the sources, propagation of CRs from source to the Earth
would depend only on the interaction of CRs with the interstellar medium regardless of the nature of the sources.
Recently the [17] published their measurement of large
scale anisotropy in the arrival direction of UHECRs. In
a previous paper [19] (henceforth referred to as PE11)
showed that the anisotropy predicted by an isotropic diffusion model due to discrete sources in the Galaxy is on average much higher than the measured value. The premises
of their model led the authors to conclude that a) the mean
free path of the UHECRs is small compared to the proton
Larmor radius, or b) intermittency is an important factor
and we are living in a rare lull in UHECR production, or
c) majority of sub ankle CRs have extragalactic origin. Estimates of anisotropy in several other models [7, 11, e.g.]
are also higher than the observed limit for light sub-ankle
primaries. We refer to this discrepancy between measured
value and theoretical models as the UHECR isotropy problem.
In this paper we consider gyration of CR protons in the
GMF which makes their transport anisotropic. We show
that reduced cross-field transport significantly reduces the
anisotropy of UHECRs compared to the isotropic diffusion
model discussed in PE11, and appears to strengthen the
case for intermittency as an answer to the isotropy problem. Specifically, the expected anisotropy is higher than

observed even for anisotropic diffusion, but the probability
is increased that downward fluctuations, either due to lulls
in production or due to nearby sources that offset the expected global Galactic anisotropy, will bring the instantaneous anisotropy into accord with observations. We further
show that when drift of UHECRs in the GMF is taken into
consideration, total anisotropy increases significantly, partially cancelling the reduction due to anisotropic transport.
We present results from test particles simulation of UHECRs in the continuum source limit to illustrate the effect of
drift.

2 propagation of UHECRs from galactic
sources: anisotropic diffusion
The turbulent GMF causes UHECRs to scatter and the
propagation of charged CRs in the turbulent GMF is governed by the diffusion equation. The turbulence in the
GMF is assumed to be isotropic. The regular component of
the GMF (directed along the spiral arms), however, breaks
the isotropy of diffusion and cross field transport of CRs is
reduced [10] due to the gyration of UHECR protons.
We assume the classical scattering limit for the diffusion
of charged particles in a magnetic field, that is to say CRs
spiral in the regular GMF between instantaneous isotropic
scattering events. In this limit, diffusion coefficients parallel and perpendicular to the magnetic field at any given energy are D∥ = cλm f p /3 and D⊥ = cλm f p /[3(1 + λm2 f p /rL2 )]
respectively [4], where rL is Larmor radius, c is the speed
of light, and λm f p is the mean distance travelled by UHECRs between two subsequent random scattering events.
This implies that D∥ ∝ 1/D⊥ ( it could be that D∥ and
D⊥ are weakly correlated due to the complicated magnetic
field lines in the Galaxy, so we keep our discussion more
general and treat D∥ and D⊥ as two independent parameters).
At 1018 eV the composition of UHECRs is light, though
not necessarily dominated by protons [3, 1]. We assume
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2.1

Anisotropic Diffusion in Disk Geometry

We assume that the GMF is axisymmetric and we work
in galacto-centric polar coordinate ρ ,ϕ , and z. We assume
that UHECRs are instantly released at t = t0 from pointlike sources such as GRBs. The differential density of
UHECRs released from a source located at (ρ = ρ0 , ϕ = 0)
obeys the diffusion equation which can be written in galactocentric cylindrical polar coordinate as,

∂N N
+
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T

=

∂
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∂
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∂
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ρ D⊥
+ 2 D∥
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where Dρρ = Dzz = D⊥ , Dθ θ = D∥ , T is the loss time for
photo-secondary production, and Q(E) is the differential
production rate of UHECRs. Here the GMF is assumed to
be toroidal.
UHECRs reaching a few Kpc out into the halo efficiently escape from the Galaxy because of weaker local
GMF (moderating exponentially with distance from the
Galactic plane). Escape from the Galaxy can be modelled
by introducing absorbing boundary conditions N(z ± H) =
0. For UHECRs, escape is the dominant loss process in
the Galaxy, and in the steady state we expect their density
to decrease linearly with z, from N0 (ρ , ϕ ) in the Galactic
plane to zero at z = ±H. The diffusive escape in z-direction
can thus be described using a loss time τesc = H 2 /2D⊥ .
Since τesc , typically a few Myr, is much shorter than the
energy loss time, T, which is & 108 , energy losses in UHECRs propagation can be ignored [5, 12]. Replacing the
derivative of diffusive flux in the z-direction in equation 1
by catastrophic loss term with loss time τesc , we can write
two dimensional dimensional diffusion equation for midplane density N0 in ρ and ϕ (see PE11 for details). We find
a series solution to the two dimensional diffusion equation
for mid-plane density N0 , which can be written as
(
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where ρ̃ = ρρ0 /2D⊥t, and ν (n) = n D∥ /D⊥ .

2.2

Anisotropy

The anisotropy in the UHECR intensity arises from the
diffusive flux and is given by
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0.1
Anisotropy

in this paper that UHECRs in the 1-4 EeV energy band is
mostly protons. A heavier composition of average nuclear
charge Z at energy EZ would behave like a proton dominated UHECRs of energy E = EZ /Z, and as shown later,
would imply a lower anisotropy than a proton dominated
UHECRs at the same energy. As in PE11, we use Larmor
radius of protons in 10 µ G as a scale in this paper.
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Figure 1: Temporal variation of the anisotropy and the
mean anisotropy are shown for three different choices
of diffusion parameters. case 1(red): D⊥ = D∥ = crL /3
(isotropic diffusion); case 2(blue): 2D⊥ = D∥ = crL /3;
case 3(green):10D⊥ = D∥ /3 = crL /3. Here, and henceforth, energy is 2.4 EeV. Dashed lines of corresponding colors indicates the mean anisotropies and the solid lines are
the mean anisotropies after adding the contribution from
diamagnetic drift (the green dashed line coincides with the
blue solid line). Here, and henceforth, the black bar on the
right of the figure indicates the measured 99% upper limit
by the Auger collaboration.

where λ∥ = 3D∥ /c, λ⊥ = 3D⊥ /c, and Ntot is the total density of UHECRs after summing the contributions of all
sources that occurred in recent past.
To fully account for the discreteness of UHECRs
sources in space and time, we use the Monte Carlo method
to randomly place sources in the Galaxy with the given
spatial probability distribution in galactocentric radius,
P(ρGC ) =

(
2 )
ρGC
2ρGC
exp
−
ρ02
ρ02

(4)

with scale ρ0 = 5 kpc. This distribution is an approximation to the distribution of baryons and star formation in the
Galaxy, which are reasonable proxies for the distribution
of sources in the Galaxy.
Assuming by way of example that a GRB occurs in
the Galaxy in every 1 Myr with the spatial distribution
P(ρGC ), we have plotted in figure 1 the temporal variation
in the radial (i.e. galacto-radial) anisotropy for UHECR
for three different choices of diffusion parameters; case 1:
D⊥ = D∥ = crL /3, case 2: 2D⊥ = D∥ = crL /3, and case
3: 10D⊥ = D∥ /3 = crL /3. Case 1 is isotropic diffusion
with λm f p = rL , while in case 2 and 3 mean free path is rL
and 3rL respectively with D∥ and D⊥ consistent with the
classical scattering limit. Here, and henceforth, the halo
size is H = 5 kpc and anisotropies are shown for UHECRs
of energy 2.4 EeV. As evident from figure 1, the mean of
anisotropy decreases with the decrease in D⊥ .
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Drift in the Galactic Magnetic Field
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UHECRs, as a gas of protons of number density N, collectively drift in an inhomogeneous magnetic field B. The
drift velocity, up to the first order in anisotropy, can be approximated by E(∇N ×B)/3qNB2 , which is also known as
diamagnetic drift [6]. For UHECRs of energy several EeV,
drift can have non-negligible contribution to the anisotropy.
Since the GMF is assumed to be toroidal, drift would produce anisotropy in the direction perpendicular to the Galactic plane, proportional to the radial anisotropy. The mean
of total anisotropy after adding UHECRs drift at Earth’s
location is shown in figure 1 as dashed lines. Drift is not
significant for isotropic diffusion, but as the rate of transport in the radial direction decreases(D⊥ ≪ crL /3) drift
becomes the dominant contributor to the total anisotropy
as compared to the radial anisotropy, implying that the
reduction in the cross-field transport can not reduce the
anisotropy indefinitely.
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Test Particle Simulation

As discussed in the previous section, an inhomogeneous
GMF would significantly alter the transport of UHECRs.
Here we study the transport of UHECRs in the Galaxy by
moving particles in computed trajectories in the GMF between two random scattering events to illustrate the effect
of drift on anisotropy. We assume the toroidal GMF
ρ

Bϕ (ρ , z) = B0 Bϕ (ρ )Bzϕ (z)
= B0 exp(−(max(ρ , ρc ) − ρ⊙ )/ρ0 − |z|/z0(5)
),
where ρ⊙ is the radial location of the Sun ≈ 8.5 kpc,
B0 = 10 µ G, and the parameters ρc , ρ0 and z0 were taken
to be 3 kpc, 6 kpc and 1.5 kpc respectively [20].1
Computing the anisotropy down to few percent at Earth
would require large number of particles in the Earth’s vicinity, and even larger to begin with from randomly placed
sources. So we instead compute the anisotropy in the infinite source rate limit by computing time average velocity of all particles within distance rL from solar circle,
originating from a GRB at a distance ds from the Galactic center. This is equivalent to the anisotropy at Earth
due a homogeneous ring-like source of radius ds . In figure 2, the anisotropy due to the ring-like sources is plotted against the radius of the ring. After taking the radial
probability distribution P(rGC ) of ring-like sources into
account, the net radial anisotropy for λm f p = rL (B0 ) and
λm f p = 3rL (B0 ) is 2.8% and 2.1% respectively. Anisotropy
in the direction perpendicular to the Galactic plane, which
is due to drift in the toroidal GMF, is ≃ 0.1% for λm f p =
rL (B0 ), close to the drift calculated using first order diamagnetic drift approximation (fig. 1) in the case of discrete sources. If λm f p = 3rL (B0 ), radial anisotropy goes
down, however, drift becomes the dominant contributor to
the total anisotropy, raising the total anisotropy to 5% (fig.
2). Drift becomes increasingly the dominant contributor to
the total anisotropy as the transport of UHECRs becomes
anisotropic, which also implies that drift become the dominant loss process for UHECRs.
We also consider the possibility that the GMF weakens
rather slowly with distance from the galactic plane. It is
commonly believed that the effect would be to decrease
anisotropy, due to longer confinement of CRs in the Galaxy.
However, as evident from table 1, the anisotropy increases
as the halo magnetic field becomes stronger, because it
then becomes harder for the scattering to suppress the drift.

Figure 2: Anisotropy in flux from the ring-like sources is
plotted as a function of distance of the rings from the GC
in the test particle simulation. The solid curve is for the radial anisotropy and the dashed curve is for the anisotropy
along the z direction. The solid blue lines indicate the total anisotropy expected at Earth after summing over contribution from all ring-like sources in the Galaxy. The
top panel is for λm f p = rL (B0 ) and in the bottom panel
λm f p = 3rL (B0 )

z0
z0 in pc
1.5
3
1.5
3
10

λm f p = rL (B0 )
λm f p = 3rL (B0 )
δz
δtot
δr
δz
δtot
Bzϕ (z) = exp(−|z|/z0 )
2.6% 1.0% 2.8% 2.1 % 5.0 % 5.5 %
2.4% 1.4% 2.8% -0.1% 2.8 % 2.8 %
Bzϕ (z) = 1/(1 + |z|/z0 )
2.4% 1.3% 2.7% -1%
2.9% 3.0 %
2.4% 1.5% 2.8% 0%
2.6% 2.6%
2.3% 1.5% 2.7% 1.1%
2.4% 2.7%
δr

Table 1: Anisotropy for different configurations of the
GMF in the test particle simulation. The mean free path
is assumed to be Larmor radius rL (B0 ) in magnetic field
B0 =10 µ G

1. Recent reports of Fermi bubble in different wavelengths suggest a strong magnetic field upto 15 microgauss [e.g. 8] close
to the Galactic center. Since the contribution of sources close
to the Galactic center to the UHECRs flux at Earth is negligible, our results would be unaffected by the details of GMF
close to the Galactic center, and has not been considered in the
present analysis.
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z0
in Kpc

δr

1.5
3

1.4%
1.3%

1.5
3
10

1.2%
1.2%
1.1%

λm f p = r L
λm f p = 3rL
δz
δtot
δr
δz
δtot
Bzϕ (z) = exp(−|z|/z0 )
1.3% 1.9% -1%
3.2% 3.3%
1.1% 1.7% 0.2% 2.7% 2.7%
Bzϕ (z) = 1/(1 + |z|/z0 )
1.1% 1.7% -1%
2.9% 3.0 %
1.0% 1.6% 0.2% 2.5% 2.5 %
0.9 % 1.5 % 1.0 % 2.1% 2.3 %

Table 2: Anisotropy, as in the table 1, for different configurations of the GMF in the test particle simulation. Here the
mean free path of UHECRs is local Larmor radius in the
GMF.

If the mean free path is assumed to scale as local Larmor radius, then the anisotropy falls well within the observed limit (Table 2) for Bohmian diffusion (λm f p = rL ).
This is because the spatial variation of the diffusion coefficient causes the CRs to escape more rapidly, so that we
get significant contribution only from very nearby sources
(On the other hand, this raises the discreteness anisotropy).
If the mean free path is increased to 3rL , thus making the
diffusion anisotropic, the UHECR anisotropy goes up because of increased drift. Altogether, these cases demonstrate that the drift has significant contribution to the total anisotropy, generally pushing it beyond the observed
limits, unless it is suppressed by rapid scattering near the
Bohm limit, or by a nearly uniform distribution of sources.

3

Discussion and Conclusions

We have calculated the time-dependent transport of UHECRs from a point-like instantaneous sources, assuming
that the transport rates are different along and across the
toroidal GMF (isotropic diffusion, discussed in PE11, being a special case when both are equal). We showed that
the regular component of the GMF would make the transport of UHECRs in the Galaxy anisotropic with respect
to their sources, which in turn would affect the observed
anisotropy of UHECR flux at Earth.
The dependence of time averaged anisotropy on D∥ and
D⊥ would depend upon the distribution of sources and
their rate in the Galaxy and . Considering the sources
distribution given by eq 4, we have shown the dependence of anisotropy on energy for isotropic (case 1) and
anisotropic(case 3) diffusion, assuming λm f p (∝ D⊥ ) ∝ E,
in figure 3 and 4.
As evident from figure 1, 3 and 4, mean and median of
the anisotropy computed in the Monte carlo solution is significantly lower for anisotropic diffusion as compared to
the isotropic diffusion. Assuming that a GRB occurs in every 1 Myr in the galaxy and their distribution follows eq.
4, the anisotropy falls below the observationally imposed
99% upper limit2 for the energy band between 2 and 4 EeV
of 2.3% during about 40% of the time for diffusion parameters as in case 3 (as compared to 25% of time if the diffusion is isotropic), strengthening our argument that the current value of UHECRs anisotropy is possible because of intermittency of UHECRs flux. However, if the distribution
of sources follow eq. 4 or similar, a higher rate of sources
in the Galaxy would mean increased level of anisotropy in

Figure 3: The median of anisotropy is plotted against the
energy of UHECRs for source rate 1 per Myr. The upper
(red) curve is for isotropic (case 1) and the lower (green)
curve is for anisotropic diffusion (case 3). Top panel shows
anisotropy for the source distribution given by eq. 4 and
the bottom panel is for the uniform source distribution. The
coloured regions indicate 68% containment region for the
anisotropy at the given energy and the black bars indicate
the measured 99% upper limit by the Auger collaboration.
Dashed (green) curve indicates the median anisotropy for
anisotropic diffusion if the contribution of drift is not included.

Figure 4: As in the figure 3, the median of anisotropy is
plotted against the energy of UHECRs. Here the source
rate is 1 per 10 kyr.

2. Recent analysis of Auger data suggests a slightly higher upper limit [18] 2.8%. However, we have adopted a previously
reported stricter limit of 2.3%.
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2 to 4 EeV energy band (top panel, fig. 4), as well as decrease in variance of the anisotropy.
On the other hand, a uniform or nearly uniform distribution of sources in the galaxy and/or heavier composition of
UHECRs provides an alternative solution to the isotropy
problem (bottom panels, fig. 3 and 4). As seen in table 3,
there also exists the possibility that a very short (Bohmian)
mean free path, in which the systemic anisotropy is reduced because only very nearby sources contribute. However, this raises the discreteness anisotropy, so it is not clear
that any of the alternative solutions to intermittency are as
attractive.
We acknowledge support from the Israel-U.S. Binational Science foundation, the Israeli Science Foundation,
and the Joan and Robert Arnow Chair of Theoretical Astrophysics.
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