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The long-scale evolution of a thin liquid film between a viscous bounding phase and a fixed substrate is addressed. Positively charged surfactants are allowed to diffuse along the free
water/bounding-phase interface and the substrate has fixed electric
charges of opposite sign. We assume that the free surface deformation occurs on a length scale that far exceeds the film thickness.
In that case, the Navier–Stokes and continuity equations with appropriate boundary conditions lead to a system of two nonlinear
coupled equations, for the film thickness and for the concentration
of the diffusing charged surfactant. The direction of Marangoni
flows depends on the relationship between the viscosities of the film
and of the bounding phase. Because the surfactants are electrically
charged, the film dynamics accounts for the competition between
diffusive flux and ion migration. The numerical integration of the
coupled equations makes it possible to follow the time evolution of
the film subject to an initial random perturbation. Numerical results
are compatible with linear analysis calculations. The model predicts
the formation of steady patterns both for the film thickness and for
the distribution of the charged surfactant. °C 2001 Elsevier Science
Key Words: thin liquid films; electrohydrodynamics; morphological patterns; phase separation; Marangoni effect.

INTRODUCTION

Thin liquid films are ubiquitous structures of scientific and
technological importance in a variety of applications. They appear, for example, in coatings and dewetting phenomena, in
paints, in adhesives, and in photographic films. In biological
systems they appear as lipid films, aqueous films lining the mammalian lungs, tear films in the eyes, and aqueous layers in cell
adhesion, among other examples.
The general subject of the long-scale evolution of thin liquid
films was recently reviewed by Oron et al. (1). These films exhibit a variety of spatiotemporal instabilities leading to either
rupture or formation of steady-state patterns. In particular, pat-
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tern formation appears as a morphological phase separation phenomenon where the film thickness shows stable periodic shapes
(morphological patterns). In the past decade some progress has
been made on the description of pattern formation in thin liquid
films since such a concept appeared (2). By numerical analysis,
morphological patterns were demonstrated in 2D thin films subjected to antagonistic forces (3–7). An analytical proof of pattern
formation in 2D thin aqueous films delimited by a fixed substrate
and a gaseous phase with constant tension was given (8): morphological patterns become possible whenever there is a competition between external attractive and repulsive forces. The crucial role of antagonistic forces on the formation of such patterns
was also confirmed for the case of 3D thin liquid films (9, 10).
Also, some efforts have been made to describe the role of
surface active materials on the long-scale evolution of thin films.
The influence of insoluble neutral surfactants in the water–gas
interface on the formation of patterns was investigated (11).
Neutral surfactants do not essentially alter the resulting film
thickness profile but just the time required for pattern building.
In this case, when the steady pattern is established, the surfactant
distribution is uniform, despite transient inhomogeneities.
However, the models considered until now do not account for
the viscosity of the bounding phase. Although that is a good
approximation for the case of an aqueous film bounded by a
gaseous phase, it is no longer valid for the cases in which a
relatively viscous bounding phase is present. In particular, thin
liquid films bounded by viscous layers are typical in biological processes like cell adhesion, where thin aqueous films are
bounded by membranes. The adhesion of cells or vesicles on
fixed substrates like supported membranes has been the subject
of recent studies (12). Due to the interplay of nonspecific forces,
interesting steady patterns on adhesion of cells and vesicles can
arise. Red blood cells suspended in a solution with adhesive
macromolecules adhere to each other and show spatially periodic contact points with lateral distance of the order of 1 µm
(13, 14). Pattern formation can also result from the competition between capillary, (repulsive) electrostatic, and (attractive)
macromolecular depletion or cross-bridge forces (13, 15). The
competition between attractive van der Waals forces and
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repulsive hydration and/or electrostatic forces may also lead to
spatially periodic steady patterns in vesicles (15). Blistering on
giant charged vesicles, driven by electrostatic effects due to their
interaction with a substrate bearing opposite charge, was also observed (16, 17). Hemifusion of lipid vesicles has been observed
by fluorescence video microscopy showing that, in one of several different possible scenarios, two adherent vesicles can pass
from a flat contact to a point contact (18).
Also, cell biomembranes include charged molecules and
are immersed in aqueous media where salt ions are dispersed,
therefore, electrostatic interactions are expected to play a crucial
role and should be considered in any realistic model. Within
this picture, we model here a thin aqueous film between a fixed
charged substrate and a fluid bounding phase with insoluble
charged surfactants on the water/bounding-phase interface.
Both the film and the bounding layer are viscous fluid phases.
The ionic strength of the aqueous film is also taken into account.
We also consider that the substrate and the surfactants have
opposite electric charges. This situation leads to a simple model
where the electric disjoining pressure derived by Parsegian and
Gingell (19), following the Debye–Hückel theory, has attractive
and repulsive contributions and then considers the underlying
physics of the problem treated in this paper.
Within this model we obtain a system of two nonlinear coupled equations for the film thickness and for the concentration of
insoluble surfactants. By considering the viscosity of the bounding phase we find new features concerning the Marangoni convection. If the viscosity of the bounding phase is greater than that
of the film phase the direction of the Marangoni flows is reversed
with respect to the case of a film bounded by a nonviscous gas
phase. Also, because the diffusing surfactant molecules on the
water/bounding-phase interface are electrically charged there is
an electrochemical diffusion term in the evolution equation for
the surfactant concentration rather than a purely chemical one as
considered before (20, 11). The presence of electrically charged
surfactants leads to a new outcome concerning pattern formation in thin liquid films. Besides patterns for the film thickness
(morphological patterns), steady patterns for the surfactant concentration (phase separation) also arise.
FORMULATION

Consider a thin aqueous layer of mean thickness h̄ 0 , density ρ̄,
and viscosity µ̄, bounded by a fixed substrate and a fluid bounding phase of density ρ̄ 0 and viscosity µ̄0 (Fig. 1). The thin aqueous
layer will be modeled as a thin liquid film sandwiched between a
water/substrate and a water/bounding-phase interface. The film
thickness h̄(x̄, t̄) is a function of lateral coordinate x̄ and time t̄.
We neglect inhomogeneities in the ȳ direction. The free surface
separates the aqueous film from the bounding phase and is located at z̄ = h̄(x̄, t̄), where z̄ is the transverse coordinate. It represents an interface where charged surfactant (lipid) molecules
are free to move with a lateral diffusion coefficient D̄. The substrate bears opposite electric charge and is located at z̄ = 0.

FIG. 1. The system: a thin aqueous film is bounded by a fixed substrate and
by a free surface which delimits a lipid phase. The substrate and the free surface
have electric charge densities of opposite sign (σs and σ , respectively). The free
surface is described by z = h(x, t).

The 2Dimensional motion inside the film is governed by
Navier–Stokes equations. We consider the possibility of a conservative body force with potential 8 on the fluid as well as external normal 5̄ and tangential τ̄ stresses on the interfaces (1).
The free surface possesses surface properties like surface tension, mass, and charge densities. Consequently, if the diffusing
surfactant has surface concentration 0̄(x̄, t̄) = σ̄ (x̄, t̄)/ Z̄ , where
Z̄ is the molar charge and σ̄ (x̄, t̄) is the surface charge concentration, the surface tension 6̄(0̄) will vary according to the local
surfactant concentration due to solutal Marangoni effect (21). In
addition, a conservation equation is adopted for the charged lipid
concentration where σ̄ (x̄, t̄) varies in time due to convection and
diffusion effects (20). Here, we have electrochemical diffusion
rather than the purely chemical one as considered before (11).
The surface curvature will be considered to be so large that the
rate of change of σ̄ (x̄, t̄) due to dilatation of the surface is neglected. The equations of motion as well as the corresponding
boundary conditions at the free surface are considerably simplified whenever the film deformation occurs on a length scale
that far exceeds the film thickness (22). A system of two coupled nonlinear evolution equations for a thin film bounded by a
nonviscous gas phase on a solid substrate with neutral insoluble
surfactants, resulting from a long wavelength reduction procedure (1), was already given (20). Here we extend that model for
a thin film bounded by a viscous phase with electrically charged
insoluble surfactants (see Appendix). Then we obtain the following equations for the dimensionless film thickness h and for
the dimensionless surface charge concentration σ :
·
ht =

M̃ 2
60 3
1
h h x x x − h 3 φx
h σx −
2µd
3
3

·
M̃
hσ σx
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where subscripts t and x denote differentiation. The dimensionless quantities h = h̄/h̄ 0 , x = x̄/h̄ 0 , z = z̄/h̄ 0 , t = ν̄ t̄/h̄ 20 ,
and σ = (h̄ 20 /ρ̄ ν̄ 2 )1/2 σ̄ are, respectively, the dimensionless film
thickness, lateral coordinate, normal coordinate, time, and surfactant charge concentration, ν̄ = µ̄/ρ̄ being the kinematic
viscosity. D = D̄/ν̄, Z̃ = (ρ̄ ν̄ 2 )1/2 Z̄ /( R̄ T̄ ), where R̄ is the gas
constant and T̄ is the absolute temperature. The dimensionless
surface tension 6 = (h̄ 0 /ρ̄ ν̄ 2 )6̄ is considered to satisfy the linear equation of state,
6 = 60 − M̃σ,

[2]

where M̃ = −∂6/∂σ is the (constant) reduced Marangoni number, and 60 is the (dimensionless) surface tension at equilibrium.
The contribution of uncharged surfactant molecules to the surface tension are already included in 60 , since we are assuming
that variations of 6 are due to charged surfactants only. Here
the viscosity of the bounding phase µ0 is taken into account
on the film evolution through µd = 1 − µ0 /µ. For µ0 > µ, the
Marangoni term in the evolution equations [1] has opposite sign
with respect to the case of a water–gas interface (20) in which
the gas viscosity is neglected.
In Eqs. [1] the potential function φ = (h̄ 20 /ρ̄ ν̄ 2 )φ̄ is the dimensionless form of the disjoining pressure φ̄, the difference
between the pressure inside the film and the bulk forming film
phase and adjacent membrane phase pressures. The DLVO Theory (23) accounts for interaction of charged particles in electrolyte solutions. We will consider that the only operative forces
on the film interfaces come from electrostatic effects in the aqueous phase. The electric disjoining pressure for surfaces with
charges of the same sign is always repulsive (24). Here, where
surfaces charges have opposite signs, the disjoining pressure
will contain both attractive and repulsive terms (19). According
to the results derived by Parsegian and Gingell (19), the body
forcing tangential stress is τ = 0 and the disjoining pressure φ
accounts for the external electrical force in the aqueous phase and
for the normal electric stress, i.e., φ = 8 − 5 (see Appendix,
Eq. [A-5]) and is given by
µ
φ(h, σ ) =

8π
²

¶

σ 2 + σ σs (eκh + e−κh ) + σs2
,
(eκh − e−κh )2
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(19) that when ions are excluded from the regions behind the
interacting surfaces repulsion between charged surfaces of
opposite sign may occur. But surfaces bearing charges of the
same sign never attract one another. For the case considered
here, i.e., charged surfaces of opposite sign (σ > 0 and σs < 0),
the dependence of the disjoining pressure φ (Eq. [3]) on the film
thickness h is shown in Fig. 2a for different values of the free
surface charge. Note that if σ 6= −σs , φ will be either negative
(the surfaces attract one another) or positive (the surfaces repel
one another), depending on the distance between the substrate
and the free surface. However, if σ = −σs there will be always
attraction. Charged surfaces of opposite sign can repel each
other because the condition confining the ionic double layer
to the finite region of thickness h acts to increase the osmotic
pressure in the region 0 ≤ z ≤ h. The dependence of the free
surface electric potential ψ on h, for different values of the
surface charges, is shown in Fig. 2b. ψ will never be negative for
σ ≤ −σs . However, if σ > −σs , ψ will change from positive
to negative values as the film thickness h decreases.
The long wavelength approximation is carried out by supposing that the wavelength of the film deformation λ is far

[3]

where ² is the film phase dielectric constant, κ = h̄ 0 κ̄ is
the (dimensionless) inverse of the Debye length, and σs =
(h̄ 20 /ρ̄ ν̄ 2 )1/2 σ̄s is the (dimensionless) charge density on the
substrate.
The potential ψ = (ρ̄ ν̄ 2 )−1/2 ψ̄ accounts for the electric surface potential on the free surface and reads
µ
ψ(h, σ ) =

4π
²κ

¶

2σs + σ (eκh + e−κh )
.
eκh − e−κh

[4]

φ̄ and ψ̄ were obtained at the low surface potential approximation and hold for ψ̄ ≤ 25 mV at T = 25◦ C. It was shown

FIG. 2. Potentials of the operative forces. (a) Disjoining pressure φ (Eq. [3])
and (b) electric surface potential ψ (Eq. [4]), as a function of the film thickness
h for different values of the electric charge density σs of the substrate (indicated
on the figure) and charge density of the vesicle σ0 = 0.01(κ = 10/3).
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TABLE 1
Reference Values of the Film Parameters
Parameter

Symbol

Film viscosity
Membrane viscosity
Film density
Kinematic viscosity
Equilibrium film thickness
Surface diffusion coefficient
Free surface charge at equilibrium
Support charge density
Molar charge concentration
Molar thermal energy
Inverse of Debye length
Equilibrium surface tension
Marangoni number

µ̄
µ̄0
ρ̄
ν̄
h̄ 0
D̄
σ̄0
σ̄s
Z̄
R̄ T̄
κ̄
6̄0
M̄

Reference value
10−2 g/cm s
10−1 g/cm s
1 g/cm3
10−2 cm2 /s
10−6 cm
10−7 cm2 /s
5 × 102 ues/cm2
−6 × 102 ues/cm2
3 × 1014 ues/mol
2.4 × 1010 erg/mol
3.3 × 107 cm−1
10−2 dyn/cm
3 × 109 erg/mol

neous charge concentration σ0 on the free surface. We introduce the small deviations h 0 (x, t) = h(x, t) − 1 and σ 0 (x, t) =
σ (x, t) − σ0 from the steady state into Eqs. [1] and obtain a
linearized problem which, in a system with periodic boundary
conditions on a bounded domain 0 ≤ x ≤ L, admits solutions
of the form
µ 0¶ µ ¶
α
h
=
exp(wt + ikx),
[5]
σ0
β
where w is the growth rate of the disturbance and k is its
wavenumber. The eigenvalue problem,
µ
µ ¶
α
2 `11
w
=k
β
`21

`12
`22

¶µ ¶
α
,
β

[6]

Dimensionless film parameters
Viscosity difference
Equilibrium film thickness
Surface diffusion
coefficient
Free surface charge
at equilibrium
Support charge density
Charge concentration
over thermal energy
Inverse of Debye length
Surface tension
Reduced Marangoni
number

µd = (1 − µ̄0 /µ̄)
h 0 = h̄ 0 /h̄ 0
D = D̄/ν̄
σ0 = (h̄ 20 /ρ̄ ν̄ 2 )1/2 σ̄0
σs = (h̄ 20 /ρ̄ ν̄ 2 )1/2 σ̄s
Z̃ = (ρ̄ ν̄ 2 )1/2 Z̄ /( R̄ T̄ )
κ = h̄ 0 κ̄
60 = (h̄ 0 /ρ̄ ν̄ 2 )6̄0
M̃ = (ρ̄ ν̄ 2 )−1/2 M̄/ Z̄

−10
1
10−5

where,
1 0
(φ − 60 k 2 ),
3 h
1
1
= − µ−1
M̃ + φh0 ,
2 d
3
µ
¶
1 0
60 2
0
k ,
= σ0 −D Z̃ ψh + φh −
2
2

`11 =

5 × 10−2

`12

−6 × 10−2
1.2 × 102

`21

3.3
10−4
10−3

`22 = −D(1 + σ0 Z̃ ψσ0 ) − µ−1
d M̃σ0 +

[7]

σ0 0
φ ,
2 σ

and
greater than the film thickness h. A small parameter η =
h/λ ¿ 1 is defined and all of the variables and parameters of
the basic equations are scaled on it. Keeping the lower order
terms in η allows to obtain simplified equations. The evolution Eqs. (1) were obtained by assuming that the dimensionless variables are x = O(η1 ), z = O(1), t = O(ηn ), h = O(1),
and as a result the order of magnitude for the film parameters
1−n/2
), σ, σs =
are φ = O(η2−n ), 60 = O(η4−n ), µ−1
d M̃ = O(η
1−n/2
2−n
), and D = O(η ).
O(η
The choice of n is related to the diffusion time scale. Although
the evolution equations are independent of the particular choice
of n, n does determine the order of magnitude of the parameters in the equations. Note that higher values of n lead to lower
tension and lower diffusion coefficient, for instance. For illustration, Table 1 displays a set of realistic values of parameters
chosen do give some qualitative correspondence with the experiments carried out by Nardi et al. (16) on the adhesion of a giant
vesicle to a supported membrane, which match well with n = 5.
LINEAR ANALYSIS

We suppose that the film is initially homogeneous and that
model [1] admits a family of steady-state solutions. In what
follows, we analyze the stability of the steady-state solution
(h, σ ) = (1, σ0 ) corresponding to a plane film with homoge-

φh0

µ
=

φσ0 =
ψh0

µ
µ

=

ψσ0 =

µ

∂φ
∂h
∂φ
∂σ
∂ψ
∂h
∂ψ
∂σ

¶
=−
(1,σ0 )

¶

=
(1,σ0 )

¶
(1,σ0 )

¶

8π −2κ
e (2σ0 + σs eκ ),
²
[8]

8π
= − σs e−κ ,
²
=

(1,σ0 )

¢
¤
8π κ £ ¡ 2
2 σ0 + σs2 e−2κ + σ0 σs e−κ ,
²

4π
²κ

is then obtained, leads to the characteristic equation:
w 2 − k 2 (`11 + `22 )w + k 4 (`11 `22 − `12 `21 ) = 0.

[9]

For values of the parameters of the order of those indicated
in Table 1, the characteristic Eq. [9] has two real roots. One of
them, w1 , is always negative, whereas the other one, w2 , has not a
definite sign. The system will be asymptotically stable if w2 < 0
or unstable if w2 > 0, while marginal stability corresponds to
w2 = 0. The critical wavenumber, kc , for which w2 = 0, satisfies
kc2 =

φh0 + Q
,
60

[10]
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the support charge as a control parameter in adhesion between
a giant vesicle and a support of oppositely charged surfaces. On
Fig. 3 we resume the result of the linear analysis on our model
taking σs as a control parameter. Figure 3a shows that increasing σs increases both the growth rate of the perturbation and
kc (decreases the wavelength) for a range of relatively samaller
values of σs and that kc will rather decrease with σs for higher
values of the “support charge” (Fig. 3b). One can also see on
Fig. 3b that there is a σ0 -dependent cutoff on the curve kc vs σs .
It means that for each fixed value of the membrane charge σ0
there is a minimum value of −σs (−σs,c ) for the instabilities to
appear. This threshold value increases almost linearly with the
surfactant charge concentration σ0 , resulting in −σs,c ¿ σ0 .
NUMERICAL RESULTS

FIG. 3. Linear analysis. (a) Growth rate of the disturbance ω as a function
of the wavenumber k and the electric charge density of the substrate σs . Charge
density of the vesicle at equilibrium is σ0 = 0.05. (b) Critical wavenumber kc
for which ω = 0 as a function of σs and different values of σ0 · µd = −10, M̃ =
10−3 , 60 = 10−3 , D = 10−5 , and κ = 10/3. (Inset) Enlargement of the plot
close to the origin of coordinates. −σs,c increases almost linearly with σ0 .

with
Q = 2D Z̃ σ0 ψh0

3 M̃ − 2µd φσ0
.
M̃σ0 + 4µd D(1 + Z̃ σ0 ψσ0 )

[11]

It was shown (20) that in an uncharged film with one species of
surfactant molecules the critical wavenumber depends only on
tension and on the derivative with respect to h of the disjoining
pressure. Here, because of the competition between diffusion
and charge migration, kc depends also on the diffusion coefficient and on the Marangoni number, through Q. We will discuss
some consequences of this new feature on the evolution of the
disturbances by solving numerically the full nonlinear evolution
Eqs. [1].
Equation [10] shows that several film parameters could play
the role of a control (bifurcation) parameter in the sense they have
a critical value in which the behavior of the system changes qualitatively from stability to instability. Nardi et al. (16) regarded

We follow basically the same numerical methodology employed previously (7). Equation [1] is solved as an initial value
problem considering spatially periodic boundary conditions
(PBC). This type of boundary conditions allows to investigate
the behavior of a film whose thickness is small compared to its
length which corresponds to our case. Through the linear analysis, the critical wavelength λc (λc = 2π/kc ) can be estimated.
Then, the bounded domain with PBC is taken as 0 ≤ x ≤ L,
where L is chosen arbitrarily just requiring that L > λc .
We consider random initial values for the thickness of the
film. For the vesicle charge density we consider a uniform initial value, but random initial values, similarly as for the film
thickness, lead essentially to the same results.
We use finite difference methods to solve Eq. [1], by means of
a FTCS scheme (25). An explicit scheme is applied for the time
derivative and centered staggered differences in space are used
to obtain the successive derivatives with respect to x. Thereafter,
the finite-difference representation of Eq. [1] is solved iteratively
until a stable shape is observed.
By means of this numerical procedure we are able to follow
the evolution of the perturbed film. The shape of the film surface as well as the surface charge density profile, obtained from
numerical integration, as a function of x at various times t are
represented in Figs. 4a and 4b. Figure 4c shows the temporal
behavior of the minimal values of h(x, t) and σ (x, t) followed
for controlling the stability of the profiles. Notice that here also
the surfactant concentration reaches a steady nonhomogeneous
pattern due to the presence of electrochemical diffusion.
The perturbation rapidly tunes the fastest growth mode whose
characteristic wavelength is somewhat greater than the critical wavelength (see Fig. 3b). Numerical integration shows that
Eqs. [1] indeed admit several steady solutions (Fig. 4a). Observe the temporal behavior of the minimal and the maximal
values of h(x, t) in Fig. 5b. Various “metastable” patterns appear
as time goes by. The surface charge concentration evolves in a
similar way.
The linear analysis predicts that the critical wavenumber
kc presents a maximal value for a given σs (see Fig. 3b, for
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σ0 = 0.004). In fact, numerical integration results are consistent with this linear prediction (see Fig. 6a). As −σs increases,
the wavelength first decreases (three first frames) and then increases (last frame). Numerical integration also confirms that the
uniform profile is stable below a critical value of σs (Fig. 6b).

FIG. 5. Multiplicity of the steady state solutions and wavelength selection.
(a) Shapes of the film surface h(x, t), obtained from numerical integration, as
a function of x at various times t indicated on the figure. All parameters are as
in Fig. 4 except for σs = −0.15. (b) The temporal behavior of the minimal and
maximal values of h(x, t).

DISCUSSION

FIG. 4. Shape of the film surface h(x, t) (a) and shape of vesicle charge
density profile σ (x, t) (b), obtained from numerical integration, as a function of
x at various times t, starting from a random initial condition for the film thickness
(² = 0.15) and σ0 = 0.02 at t = 0 (light gray), at intervals of 1t = 4 × 107 up to
t = 4.8 × 108 (black). The bounded domain with PBC is taken as 0 ≤ x ≤ L,
where L = 100. Integration was performed over a grid of 100 cells. (c) The
temporal behavior of the minimal and maximal values of h(x, t) and σ (x, t) for
control stability. Dimensionless parameters are σs = −0.04, µd = −10, M̃ =
10−3 , 60 = 10−3 , D = 10−5 , and κ = 10/3.

The set of Eqs. [1] describes the evolution of a thin liquid film
between a substrate and a water–membrane interface with insoluble charged surfactants. It is well established that the requirement for the onset of patterns is the existence of a competition
between attractive and repulsive external stresses. If the substrate
and the free interface have opposite electric charges, the electric
disjoining pressure has attractive and repulsive contributions that
make possible the formation of patterns. In fact, patterns for the
film thickness, as those observed in phenomena such as charged
vesicle blistering, can be predicted by the present model.
Concerning surfactant concentration, it was shown that, in
interfaces with one species of neutral surfactant, patterns for
the sufactant concentration do not appear although the film
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Unlike the equations derived for a water–gas interface where
the gas viscosity is neglected we obtained a system of equations
that takes into account the viscosity of the membranous adjacent
phase. This viscosity appears in the factor µd , the difference
between the dimensionless viscosities of the film phase and of
the bulk phase, that is related to the Marangoni term. Because
the membrane viscosity is higher than that of the water phase,
µd changes the sign of the Marangoni term.
Our system of two coupled equations could be straightforwardly generalized in order to describe the presence of an arbitrary number, N , of insoluble surfactant species. In the case of N
species, a system of N + 1 nonlinear coupled equations for the
film thickness h and for the concentrations 0 ( j) ( j = 1, . . . , N )
of each insoluble surfactant species will result. Evolution equations are analogous to those derived in the Appendix, but the
Marangoni terms are replaced by a sum over all species contributions since the surface tension 6 satisfies the constitutive
relation,
6 = 60 −

N
X

M ( j) 0 ( j) ,

[12]

j=1

FIG. 6. Profile wavelength and amplitude dependence on the support charge
σs . (a) Film thickness profiles h(x, ts ) as a function of x at a time ts belonging
to the first plateaux of h max (t) as in Fig. 5b, for various values of σs indicated
on the figure. All other parameters as in Fig. 4. (b) Maximal and minimal values
of the film thickness at a time ts as a function of σs .

thickness reaches nonhomogeneous steady states. Here, the inclusion of an electrochemical diffusion term in the evolution
equation for the surfactant concentration leads to a new outcome
concerning pattern formation in thin liquid films, namely, steady
patterns for the surfactant concentration (see Fig. 4b). Although
charged surfactants in the interface initially move toward the
crests, the direction of their movement is further reversed and at
last they are more concentrated where the film is narrower. The
simple model studied here may improve the understanding on
the formation of adhesion plaques of interacting biomembranes
in tissue development and immunology (26), where phase separation driven by electrochemical diffusion could play the role
of an intermediate pathway followed by specific lock-and-key
recognition or by the formation of receptor–ligand pairs.

where M ( j) is the Marangoni number associated to the j species.
The particular physicochemical parameters (lateral diffusion coefficient, molar electric charge, etc.) of each species should be
considered in the evolution equation for the respective concentration. Therefore, the present model could be extended to more
general systems where various types of lipids or other surfaceactive substances are present.
As derived from the linear analysis (Fig. 3b), as well as
from numerical simulations (Fig. 6b), the model predicts the
existence of a the threshold value −σs,c for the instabilities
to appear. This change of behavior is consistent with the
experimental observations by Nardi et al. (16) who detect two
regimes as the charge of the supported membrane increases,
one where the vesicle surface is flat and another where patterns
of blisters appear. The fact that the critical value increases with
σ0 can also be explained by the model.
The variations of the characteristic wavelengths of the blisters
with the substrate and membrane charges are also foreseen by
the model. The linear analysis predicts that changing the value
of σs , the critical wavelength λc (λc = 2π/kc ), whose variation
accompanies that of the fastest growth mode, presents a minimum. This minimum is clearly observed in Fig. 6a, obtained
by numerical integration. Numerical results provide additional
information such as the minimal thickness and the amplitude
of the deformation which is related to the size of the blisters.
Figure 6a, is consistent with the growth of the number of blisters in Nardi et al. experiments as the support charge increases
above the threshold.
It is known that the dewetting of solid surfaces covered by
thin liquid films can display several stages, one of them being
the coalescence of small holes to form larger dry regions (27).
Also, in the electrostatic interaction between a lipid vesicle and

310

RAMOS-DE-SOUZA ET AL.

a supported membrane, small blisters collapse into larger ones
with the consequent reduction of the number of blisters (16).
The mechanism of wavelength selection shown in Fig. 5, which
was also observed in the case of thin films bounded by a gas
phase (3–6, 9–11), could explain such phenomena.
In the numerical simulations, blisters first appear for a dimensionless time of the order of 108 (Fig. 5) that corresponds to a
dimensional time of 0.1 s. When comparing that time with experimental ones, one should take into account the size of the system.
The larger the system, the larger the time that results from the numerical experiments. In this paper the simulations were carried
out for a system 1 µm large (L = 100 and h 0 = 10 nm).
Following our results, charge separation can be expected (see
Fig. 4b) as already conjectured by Nardi et al. (16). They concluded from an equilibrium thermodynamic approach that blistering and charge segregation may occur. In their approach the
total free energy per unit area takes into account the electrical
energy per unit area in the equilibrium state plus the chemical
potential associated with the translational entropy of the amphiphiles in the free surface (vesicle). In that case, a criterion
of stability was obtained under the assumption that σ0 ¿ −σs .
On the other hand, our model shows that charge separation and
blistering are possible under less restrictive hypothesis concerning the charge densities on the free surface and on the support.
The evolution Eq. [1b] for the charge concentration σ , at the
stationary state σt = 0, is a complete description of the phase
separation due to electrochemical diffusion and mechanical coupling. Beyond the prediction of the onset of instabilities, our
dynamical approach provides an understanding of the mechanism of pattern stabilization, namely, external stress and capillary action balance suffices for the onset of nontrivial steady
states.
The present model is consistent with experimental observations. Although the resulting equation set is highly nonlinear
and a numerical treatment is required for solving it, the linear
analysis provides a useful key for predicting the dependence of
the blistering phenomenon on the physicochemical parameters
involved.
APPENDIX

De Wit and Gallez (20) considered a thin aqueous film under
attractive van der Waals bulk forces bounded by a substrate and
a nonviscous gaseous phase with one species of (uncharged)
surfactant molecules on the water–gas interface. A system of two
coupled equations for the film thickness h and for the surfactant
concentration 0 was then obtained.
Here, we follow the same steps to derive the evolution equations for a thin aqueous film bounded by a substrate and a viscous
fluid layer (membrane) with insoluble surfactants on the water–
membrane interface. We also consider the presence of external stresses that generate normal 5 and tangential τ stresses
on the interfaces as well as a conservative body force with
potential 8.

In order to apply lubrication theory, the Navier–Stokes and
continuity equations together with the boundary conditions are
set in a dimensionless form. Dimensionless variables are introduced via length h̄ 0 , and time h̄ 20 /ν̄. A second scaling is further
carried out by defining the small parameter η = h̄/λ̄ ¿ 1, where
λ̄ is the wavelength of the deformation. The total scaling on the
spatial and temporal variables reads
x = η(1/h̄ 0 )x̄,

z = (1/h̄ 0 )z̄,
¡ ± ¢
t = ηn ν̄ h̄ 20 t̄,

h = (1/h̄ 0 )h̄,

[A-1]

where the rescaled variables are all unit order as η → 0 and
the integer n ≥ 2 will be fixed in order to define a time scale
compatible with the diffusion rate of the surfactant molecules.
The tangential u and normal w components of the twodimensional velocity field are then given by
u = η1−n (h̄ 0 /ν̄)ū,

w = η−n (h̄ 0 /ν̄)w̄,

[A-2]

while the mechanical pressures p̄ and p̄ 0 , inside the aqueous film
and the membrane, respectively, are rescaled as
¡ ±
¢
p = ηn−2 h̄ 20 ρ̄ ν̄ 2 p̄,

¡ ±
¢
p 0 = ηn−1 h̄ 20 ρ̄ ν̄ 2 p̄ 0 .

[A-3]

Approximate solutions of the rescaled problem can be obtained by introducing the following regular perturbation expansion:
(u, w, p, p 0 ) =

X

ηi (u i , wi , pi , pi0 ).

[A-4]

i≥0

The set of evolution equations for a film on a solid substrate
can be obtained from the zeroth-order problem (De Wit and
Gallez 1994). Hence, from now on, we will consider the zerothorder governing equations and boundary conditions (with the
“0” subscripts omitted) for the thin aqueous film. At zerothorder, the x- and z-components of the Navier–Stokes equations
are
( p + 8)x = u zz ,

[A-5]

( p + 8)z = 0,

[A-6]

where the potential 8̄ is rescaled as
¡ ±
¢
8 = ηn−2 h̄ 20 ρ̄ ν̄ 2 8̄,

[A-7]

and the continuity equation reads
u x + wz = 0.

[A-8]
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We assume no-slip and no-penetration conditions on the
substrate, i.e.,
u = 0,

[A-9]

w = 0,

as well as the continuity of the velocity through the free surface.
The normal and tangential stress balances on the watermembrane interface (z = h) at zeroth-order read, respectively,
p + 5 = −60 h x x ,

[A-10]

µd u z = −M0x + τ,

[A-11]

and

with

where, D is the lateral diffusion coefficient and ψ is the electric
surface potential.
A straightforward integration of the above Navier–Stokes and
continuity equations with the associated boundary conditions
leads to the following system of evolution equations for the film
thickness h and surfactant concentration 0:
µ
¶
¸
h2 M
60 3
h3
h h x x x − (8 − 5)x ,
0x − τ −
2 µd
3
3
x
· µ
¶
M
60 2
0t = −∇ · J + h
h 0h x x x
0x − τ −
[A-20]
µd
2
¸
h2
− 0(8 − 5)x .
2
x
·

ht =
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0

µd = 1 − µ /µ.

[A-12]

In Eq. [A-10] the normal stress 5 is taken as
¡ ±
¢
5 = ηn−2 h̄ 20 ρ̄ ν̄ 2 5̄.

[A-13]

0

Note that the term containing p does not appear as a consequence of the scalings in Eq. [A-3] which are reasonable whenever 5 < 0.
In Eq. [A-11], M is the Marangoni number and we have supposed that
M0 = ηn−2 (h̄ 0 /ρ̄ ν̄ 2 ) M̄ 0̄.

[A-14]

The shear stress (Eq. [A-11]) is taken as
¡ ±
¢
τ = ηn−1 h̄ 20 ρ̄ ν̄ 2 τ̄ .

[A-15]

The surface tension 6 was defined by the following constitutive relation:
6 = 60 − M0.

[A-16]

The kinematic boundary condition at z = h(x, t) is given by
w = h t + uh x .

[A-17]

The surfactant concentration satisfies the conservation equation
0t + (0u)x = −∇ · J,

[A-18]

where J is the dimensionless surface flux. In an ideal ionic solution J will be given by minus the gradient of the electrochemical
potential that satisfies
∇ · J = −D(0x + Z̃ 0ψx )x ,

[A-19]
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