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Convection cells in thin electrolytic lms
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Abstract
The adhesion of biomembranes may display regular patterns even in the absence of specialized
contact sites. In particular, recent experiments show that charged lipid vesicles adhere to an oppositely charged substrate forming blisters. Patterns in the thin aqueous electrolyte lm con ned between membranes can be appropriately described through an electro-hydrodynamics approach. By
solving the corresponding equations numerically, we show that, when steady non-homogeneous
patterns are established, the electrolyte ows in convective motion forming well structured cells.
c 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
The adhesion of lipid membranes has been the object of many recent studies [1– 4].
Due to the interplay of repulsive and attractive nonspeci c forces (electrostatic, van
der Waals, hydration, macromolecular depletion or cross-bridge), adhesion structures
characterized by spatially periodic contact points can arise. Patterning was detected in
experiments with red blood cells [3]. Also, blistering on charged lipid giant vesicles,
in the presence of a lipid substrate bearing opposite electric charge, was recently observed [4]. The common feature is the presence of a thin aqueous lm delimited by
membranes. These lms are submitted to spatio-temporal instabilities that can lead to
the formation of steady patterns [5,6].
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Fig. 1. The system: a thin aqueous lm bounded by a rigid substrate and by a free surface delimiting a
lipid phase. The substrate and the free surface have electric charge densities of opposite sign (s and ,
respectively). The free surface is described by z = h(x; t).

Having in mind these experiments, we used an electrohydrodynamics approach in
order to model the thin aqueous lm con ned between a charged substrate and a
uid membrane with insoluble charged surfactants moving on the water–membrane
interface. Evolution equations for the lm thickness and for the concentration of the
charged surfactant were derived from the Navier–Stokes and continuity equations [7].
The model satisfactorily describes the main experimentally observed features. Two
qualitatively di erent steady state situations can arise: either a planar state with homogeneous charged surfactant concentration or a pattern with non uniform lm thickness
and inhomogeneous distribution of charged surfactant.
In the present work we focus on the motions of the aqueous uid con ned between
the rigid substrate and the free water–membrane interface.

2. Electrohydrodynamics model
Let us consider a thin aqueous layer of mean thickness h0 , density  and viscosity
, bounded by a xed substrate and by a uid membrane of density 0 and viscosity
0 (Fig. 1). The lm thickness h(x; t) is a function of the lateral coordinate x and time
t. Symmetry is assumed in the y direction. The free surface is located at z = h(x; t),
z being the normal coordinate. Charged surfactant molecules can move along the free
interface with a lateral di usion coecient D. The substrate at z = 0 bears opposite
electric charge s . All quantities are appropriately dimensionless [7].
We consider that each uid element is submitted to conservative body forces and
that the interfaces are under electro-hydrodynamical normal and tangential stresses [8].
We assume that, at the free interface, the surface tension  satis es the linear equation
of state  = 0 − M̃ , where  is the surface charge density, M̃ = −@=@ is the
reduced Marangoni number, and 0 is the surface tension in the absence of charged
surfactant. The disjoining pressure  takes into account the external electric force in
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the aqueous phase as well as the normal electric stress [9]:
  2
8  + s (eÄh + e−Äh ) + s2
;
(h; ) =

(eÄh − e−Äh )2
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(1)

where  is the aqueous phase dielectric constant and Ä is the inverse of the Debye
length. The electric potential at the free surface, , is given by [9]
 
4 2s + (eÄh + e−Äh )
:
(2)
(h; ) =
Ä
eÄh − e−Äh
The two-dimensional motion inside the lm is governed by Navier–Stokes equations
for incompressible uids. These equations as well as the corresponding boundary conditions can be considerably simpli ed since the wavelength of the lm deformation
 is far greater than the lm thickness h. All quantities are rst scaled on the small
parameter Á = h= 1. After expanding the variables in perturbation series [8,10], the
terms of lower order in Á are kept. The dimensionless expressions at zero order for
the components of the velocity C inside the electrolyte lm [7,11] result
u = C · x̂ = −Mx z + [0 hxx + ]x (− 12 z 2 + zh) ;

(3a)

v = C · ŷ = (Mx − [0 hxx + ]x h)x z 2 =2 + [0 hxx + ]xx z 3 =6 ;

(3b)

where M ≡ M̃ =(1 − 0 =).
The evolution equation for the lm thikness h ≡ h(x; t) is obtained from the kinematic condition at the interface
v = ht + uhx :

(4)

Also, a conservation equation is adopted for  ≡ (x; t) which varies in time due to
convective and di usive e ects [11]. The surface curvature is so large that changes of
(x; t) due to surface dilatation can be neglected. Then
t = (D[x +  x ] − u)x :

(5)

3. Numerical results
A linear analysis was performed around the uniform steady state reference solution
(h; ) = (h0 ; 0 ). The resulting characteristic equation has two real roots. One of them
is always negative, whereas the other one, w∗ , does not have a de nite sign. The
system is asymptotically stable if w∗ ¡ 0 or unstable if w∗ ¿ 0, while marginal stability
corresponds to w∗ = 0. Then, the critical wavenumber kc , for which w∗ = 0, can be
obtained [7]. The linear analysis puts into evidence that there are critical values of the
parameters for the growth of instabilities, yielding two regimes: one where contact is
homogeneous and another where blisters appear. Numerical integration of the evolution
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Fig. 2. Time evolution of the lm surface h(x; t) (a) and of the surface charge density (x; t) (b), obtained
from numerical integration of Eqs. (4) and (5), as a function of x at various times t, starting from random
initial conditions for h(x; 0) and (x; 0) (10% around the homogeneous state h0 = 1, 0 = 0:02) at t = 0
(light gray), at intervals of t = 4 × 106 up to t = 4 × 107 . The bounded domain with PBC is taken as
06x6L, where L = 50. Integration was performed over a grid of 50 cells. (c) The temporal behavior of the
minimal and maximal values of h(x; t) and (x; t) for stability control. Dimensionless parameters (chosen in
the unstable domain) are s = −0:04, M = −10−4 , 0 = 10−3 , D = 10−5 and Ä = 10
.
3
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Fig. 3. Velocity eld inside the aqueous lm, from Eqs. (3), for the same parameter values as in Fig. 2, at
times (a) t = 1:2 × 107 and (b) t = 2:4 × 107 (steady state attained). The magnitude and direction of the
arrows indicate the values of the velocity eld at the points from which the arrows are drawn. The scale for
the intensity in each direction (x and z) is shown in the gure. Some stream lines are represented in (b).

equations, performed for sets of parameters belonging to both domains, con rms the
existence of those two regimes.
Eqs. (4) and (5) are solved as an initial value problem with spatially periodic
bounded boundary conditions (PBC) by means of an FTCS nite di erence scheme
[12]. The bounded domain with PBC is taken as 06x6L, where L is chosen arbitrarily just requiring that L ¿ c = 2=kc . The shape of the lm surface h(x; t) as well as
the pro le of the vesicle charge density (x; t), obtained from numerical integration,
as a function of x at various times t are represented in Figs. 2a and b for parameters in the unstable domain. Fig. 2c shows the temporal behavior of the minimal
and maximal values of h(x; t) and (x; t) followed for controlling the stability of the
pro les.
In Fig. 3 we exhibit the velocity eld for the same parameters in the unstable domain
as in Fig. 2, at two di erent times: when patterns are being formed (a) and at the steady
state (b).
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4. Discussion
Since no-slip and no-penetration conditions are assumed, C vanishes on the rigid
interface, for all t. On the free interface, however, C is not necessarily null. During the
transient, water ows from the narrow regions of the lm toward the broad regions
(Fig. 3a), further enhancing the deformation. This picture stands qualitatively the same
as far as the deformation keeps on growing. Once the steady state is attained, while the
normal component vanishes on the interface (from the condition ht = 0), the tangential
one persists wherever the electrochemical gradient is not null, pointing toward the
narrow regions. The tangential component only vanishes at the points where the width
is an extreme since there the electrochemical gradient is null.
Fluxes surviving during the steady state are slow as compared to the velocity of
deformation. Typical velocities during lm evolution can be estimated from the time
needed to reach the steady state () together with the mean thickness (h0 ) and the
mean size of the irregularities on the free interface (). Therefore, the x-component
of the velocity, u, results between one and two orders larger than the z-component, v,
since u=v ' =h0 . At the steady state, typical velocities are controlled by the di usive
e ects which result in much smaller velocities than during the development of the
perturbation.
Charged surface active molecules move along the interface due to di usion following the electrochemical gradient and due to the action of forces originated from the
adjacent uid layers. In the steady state, both contributions balance and there is no
net motion of surfactants. However, this balance does not occur for the interfacial
uid elements that keep on moving tangentially to the interface due to the action of
the electrohydrodynamic forces. The change of orientation of the tangential velocity
of uid at the interface provokes the formation of structured cells (Fig. 3b). In other
words, the competition between di usion and migration of the charged surfactant along
the free water–membrane interface induces a surface tension gradient that persists in
the steady state and in turn originates convective patterns. From the biological point
of view, these patterns could have interesting consequences on the interpretation of
adhesion phenomena.
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