Generalization of Shannon’s theorem for Tsallis entropy
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By using the assumptions that the entropy musbe a continuous function of the
probabilities{p;}(p; € (0,1)¥i), only; (ii) be a monotonic increasing function of
the number of state¥/, in the case of equiprobabilityjii) satisfy the pseudoad-
ditivity relation S;(A+ B)/k=Sy(A)/k+ S4(B)/k+(1— q)Sq(A)Sq(B)/k2 (A and
B being two independent systentss R andk a positive constaptand(iv) satisfy
the relation Sq({p;}) = Sq(PL.Pm) + PLIS({Pi/PL}) +PumISe({Pi/Pm}), where
W, w T
pLtpm=1(p.=2;14p;i and py =Ei:WL+1pi), we prove, along Shannon'’s lines,
that the unique function that satisfies all these properties is the generalized Tsallis
entropy S;=k(1— E ~.pN/(g—1). © 1997 American Institute of Physics.
[S0022- 248897)03607 -4

I. INTRODUCTION

Nonextensive physical systems are being intensively studied nowadays. A recently introduced
formalism, namely Tsallis statisti¢djas been proposed in order to cover many of such anomalous
systems. Indeed, it has been successfully applied ty-tbype? and correlated-type® anoma-
lous diffusions, turbulence in electron plasniashe solar neutrino probleff, quantum
groupst~*2 nonlinear dynamical system$cosmology'® linear response theofy,as well as to
optimization technicg! 23
This thermo-statistical formalism is based upon the so-called Tsallis entropy formula

Sy=k q'llp' (aem), (1)

wherek is a positive constarniiwvhich we shall from now on take equal t9, §j is a real number,
W is the total number of microscopic configurations, épg is the set of associated probabilities
(E —,pi=1). It is easily seen that in the limg— 1, one recovers the well-known Boltzmann—
Gibbs—Shannon formuta

w
_241 pi In p;, 2

which successfully accounts for extensive problems.
It is known thatS; satisfies the following conditions:

(i) Sy is, for 0<p;<1, a continuous function dfp;}, only.

(ii) For a given set ofV equiprobable states, i.ep;=1/MW, S; is a monotonic increasing
function of W, namelyS;=(W"'"9-1)/(1-q).

(iii) For two independent systendsand B, the generalized entropy of the composed system
A+ B satisfies the pseudoadditivity relatigsee, for instance, Ref. 11

Sy(A+B)=S4(A) +54(B) + (1 =) Se(A)Sy(B). ()

(iv) With
0022-2488/97/38(8)/4104/4/$10.00
4104 J. Math. Phys. 38 (8), August 1997 © 1997 American Institute of Physics

Downloaded-06-May-2007-t0-152.84.50.114.-Redistribution-subject-to-AlP-license-or-copyright,~see-http://jmp.aip.org/jmp/copyright.jsp



Roberto J. V. dos Santos: Shannon'’s theorem for Tsallis entropy 4105

W:WL+WM1 (4)
Wi
pﬁzl pi (W, terms, (5
w
pu= 2 P (Wy terms, (6)
i=W_ +1
(hence, p.+pu=1) (7

we have!?°

Sq({Pi}) =Sq(PL.Pm) +PLISq

Pi Pi
— | +pmIS ((—] ) 8
[DL] Pm™oq Dy 8)
In this letter we show that theniquefunction that simultaneously satisfies all these properties is

the Tsallis generalized entropy formuld). By so doing, we are generalizing, for the case of
nonextensive systems, the famous Shannon’s thettem.

Il. PROOF

Let us decompose a choice fraf equally likely possibilities into a series af choices with
s equally likely possibilities each. It is straightforward to show that using conditinone gets:

[1+(1-0)S4(s)]"-1

Sy(s™) = 1-q

©)

This expression is the generalization fpe R of the extensivity condition of the Boltzmann—
Gibbs—Shannon entropy, and, in the limit-1, yields the well-known resit

Si(s™)=mS(s). (10)
For a large enoughm ands it is always possible to find a pair of integer numbers) such that
sT<th<gm+1 (11
Now, from condition(ii), we have, for all values of:
Sy(s™=S,4(t")=S,(s™*1) (12
so, using Eq(9) for q<1,
[1+(1-q)Sy(9)]<[1+(1-q)Sy(D]"<[1+(1-q)Sy(s)]™" . (13
Taking the logarithm of this inequality we get

m< IN[1+(1—q)S4(t)] _ m 1

n o In[1+(1-q)Se(s)] n n (14)
or equivalently,

m In[le(l—q)Sq(t)]‘< 1

n oI9S n (15
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Now, from Eq.(11), we have

m Int m 1
—<—<—+— (16)
n Ins n n
and, as before,
m Int _ 1 1
nins - n @7
Combining Egs(15) and(17) there comes
Int In[1+(1—q)S,(t
Int In[1+(1-QS(b]_ 8
Ins In[1+(1-q)S,(s)]|
If we now allow e—0 we get
IN[1+(1-a)Se(s)] _ IN[1+(1-q)Sy(D)]
In S - |n t - p(q)a (19)
wherep(q) is a quantity which at most can depend @n
So we get the functional form d&,(t) given by:
tP@— 1
Sy(h="—7=4 (20
Let us now consider a choice frodv partitions, each one with probability
- 21
pi= Eivij_nl ’ ( )

wheren; is the number of possibilities in thi¢h partition, each one with equal probability. Using
condition (iv) expressed in E(8) we get

S ! =S % s ! 22
W\ SV o[~ q(p11p21---va)+i=1 Pi'Sq ™ (22
or, using the functional form of E4q20),
(=W n)P-1 W (ni-1
I —— q
l_q Sq(p11p21---va)+i21 pl 1_q (23)
SO
1 w p w W
Sq( pl,pz,....pw)=ﬁ[<i21 ni) —1 2 P2 p?nr’} (24
but
w p
n?=p?(i21ni> : (25)
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Thus, substituting into Eq24), we see that, in order to satisfy conditiGin so thatSy({p;}) must
depend only orp;}, one must have

p=1—q. (26)
Therefore
1-3V pd
S(tph=—4-1 T 27)
and, fort equiprobable choices,
thma-1
Sq(t)= q——l (28

In this way we have generalized, for the Tsallis entropy, Shannon’s remarkable theorem.
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