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Superstatistics describes statistical systems that behave like super-
positions of different inverse temperatures f, so that the probabil-
ity distribution is p(¢;) « [$f(8)e#<idp, where the “kernel” f(g) is
nonnegative and normalized [/f(8)dp = 1]. We discuss the relation
between this distribution and the generalized entropic form
S = Yis(p;)- The first three Shannon-Khinchin axioms are assumed
to hold. It then turns out that for a given distribution there are two
different ways to construct the entropy. One approach uses escort
probabilities and the other does not; the question of which to use
must be decided empirically. The two approaches are related by a
duality. The thermodynamic properties of the system can be quite
different for the two approaches. In that connection, we present
the transformation laws for the superstatistical distributions under
macroscopic state changes. The transformation group is the Eucli-
dean group in one dimension.

classical statistical mechanics | correlated systems | thermodynamics

Superstatistics (1) has been introduced as a way of systemati-
cally handling statistical systems that can be seen as superpo-
sitions of various Boltzmann distributions. One may think of a
superstatistical system on a microscopic and a macroscopic scale.
At the microscopic scale, the system relaxes toward thermody-
namic equilibrium and follows a single Boltzmann statistic with
a well-defined local inverse temperature —i.e., the local prob-
ability of finding the system at some energy e is proportional to
exp(—pe). On the macroscopic scale, the local inverse tempera-
tures fluctuate, with the fluctuations governed by f($).* Following
ref. 1, the generalized superstatistical Boltzmann factor reads

B@%:AWW#wk*ﬂ [1]

where f(p) is called the superstatistical kernel. The kernel is non-
negative and normalized, i.e., [¥dff(8) = 1. The probability of
finding the system in one of W discrete (for example, energy)
states, € = {}, is
1 w
pi=7Be). Z= Y Be). [2]

i=1

Z being the superstatistical generalization of the partition func-
tion. The expectation value

U= ipiei [3]
-1

is the internal energy of the system.

Superstatistics has found many applications ranging from
hydrodynamic turbulence (2-4), complex networks (5, 6), and
pattern formation (7) to finance (8, 9). Besides these practical
aspects, superstatistics has the potential for providing a structural
foundation for non-Boltzmann statistical mechanics.

Different methods have been proposed for establishing the
mathematical methodology of a kind of statistical mechanics
compatible with superstatistics (10-14). The methods that use
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generalized entropic forms are the Tsallis Souza (TS) approach
(10) and one described in refs. 13 and 14, which we refer to as the
Hanel Thurner (HT) approach. Both use a maximum entropy
principle (MEP) to reconstruct generalized entropies having
the structure

w
Sp] = Zs(pi) [4]

from given superstatistical distribution functions. Here p stands
for the set of probabilities {p;}!”,. The sum structure is chosen
in analogy to Boltzmann—Gibbs (BG) entropy, where spg(x) =
—xlog(x). The function s is continuous and concave and has
5(0) = 0. These properties correspond to the first three Shannon—
Khinchin axioms’ (15, 16). In this paper, we address the question
of whether the TS approach is the unique way to reconstruct en-
tropies for superstatistical systems. The answer is no—there exist
possible alternatives. In fact, if we did not have the first Khinchin
axiom, we would have infinitely many possibilities. We show how-
ever, that assuming this axiom, we have only two possibilities re-
maining. The axiom requires that the entropy be a continuous
function of the probabilities p only (compare footnote 7). It turns
out that one possibility corresponds to the TS (10) and the other
to the HT approach (13, 14). We show that the HT case cannot be
seen as a simple limit of the TS case. For a large class of distribu-
tion functions such a limit yields the BG case, not HT in general.
The thermodynamic properties of the entropies corresponding to
the two approaches will in general be quite different. Which ap-
proach is the correct one to use in each case has to be decided
empirically. Superstatistics—as originally presented—does not
make any assumptions about how the superstatistical Boltzmann
factor B or the kernel f transform under thermodynamic state
changes. On the macroscopic scale, a superstatistical system
can be described by a macrostate ¢, in complete analogy to a clas-
sical thermodynamic system. These states are characterized by a
set of macrovariables, e.g., internal energy, volume, tempera-
tures, o = {U,V.T,...}. We present the transformation group
of the superstatistical kernel f under changes from one state
to another, ¢ = ¢'.

Entropy Reconstruction from Distribution Functions

The usual procedure when using the MEP is to maximize a
given entropy under given constraints, represented by Lagrange
multipliers:
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*Superstatistical systems are usually not in equilibrium but in stationary nonequilibrium.
E.g., think of a gas or liquid between two plates at different temperatures 7, and T,.

'Shannon-Khinchin axioms: (i) Entropy is a continuous function of the probabilities p; only,
i.e., s should not explicitly depend on any other parameters. (ii) Entropy is maximal for the
equidistribution p; = 1/W—from which the concavity of s follows. (iii) Adding to a system
a state numbered W + 1 with p;,,, = 0 does not change the entropy of the system—from
which 5(0) = 0 follows.
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¢[p]:S[p]—a(Zpi— l) —ﬂ(Zpie,-—U). [5]

Given s(p;) and U, this maximization yields the distribution func-
tion p;, along with the values of the Lagrange multipliers o and f.
In the case of entropy reconstruction, the distribution function
of a superstatistical system is given. The system is in a specific
physical state o (which does not change during the reconstruc-
tion). The various quantities such as p; ) the internal energy
U, etc. are given and are labeled by (). Because p is a super-
statistical distribution, we have pl.(”) = B(e?)/Z©). The quantity
s(p;) and the entropy can now be computed for the state o.
Entropy Reconstruction—the HT Approach. We begin with the sim-
pler case and demonstrate the entropy reconstruction using the
HT approach (13, 14), which starts by maximizing the functional

of Eq. 5. At this point, we use the available information about the
specific state 0. The condition

00[p@]/dp!” =0 [6]
leads to
Shr(pl) = o + e (71

Because B(“)(¢) is a monotonic function of e, the inverse function

L defined by
Blo) (e)
L (72@ ) =€ [8]

exists. Note that, for the specific state o, Z(°) is just a positive
real number. Otherwise the inverse would be hard to calculate.
It follows immediately that

Lp\) =€ 9]
for all j. Eqgs. 7 and 9 yield the differential equation

str(@)”)

which allows us to reconstruct the entropic form by integration:

= ) +BOL(p"), [10]

sur(¥) = ax + ) / “ L ). (1]
0

We have now derived an entro)plc form sHT Which when used in
the MEP, Eq. 5, reproduces p and $©) as a solution, given
the state characterized by U(® and 6 [In refs. 13 and 14, A(x) =
—a — pL(x) is called the generahzed logarithm.] As a result of
the first Khinchin axiom, this entropic form syp characterizes
the superstatistical system in general—i.e., not only for the state
o but also for the other p0551ble states o’—correspondlng to
different values of U”) or ¢,”’. This fact has consequences for
the thermodynamical treatment of the system. In particular,
transformation laws for the superstatistical Boltzmann factor B
and the kernel f under changes of the state ¢ can be derived,
as will be shown below.

Entropy Reconstruction with Escort Distributions—the TS Approach.
We now generalize the above idea by modifying the energy con-
straint. We compute a different “energy” U* by using a different
set of “probabilities.” These probabilities can be written in the
general form
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u(p,)
Z”@f

The quantity P; is often called escort probability. The escort energy
U* is identical with the internal energy U if and only if u(p;) = p;.
We do not attempt to provide a physical interpretation of the
escort probabilities. We start with the functional

®[p] = S[p] - a(Zp - 1> —/i(ZP,-e,- - U*). [13]

For taking the derivative of P;, we define the following notation
using a function Q of two variables:

[12]

M(pl) = Q[x,y] |x:p;;y:s(pi).
0
U (pz) = & [x’y} |x:p,;y:s(p,).
0
u2(pz) E ~ [x’y} ‘x:p,»;y:s(p[)' [14]

Maximizing the functional in Eq. 13, we have 0®/dp; =0,
leading to

s'(pi) = a+ (e = U)[ui(pi) + u2(pi)s' (p:)], [15]

where f* is the rescaled parameter /) u(p;). Solving for s,
we get

a+ ﬂ*(
1-p*(e

*)ul(pt)
)uz(p,

As in the HT approach, we consider from this point on a specific
state ¢ of the superstatistical system and use the specific values
al@ g . for reconstructing the associated entropy s. However,
for the sake of readability, we suppress (¢) whenever that cannot

s'(pi) = [16]

cause confusion. Using Eq. 9 as above, we insert ¢; = L(p;) into
Eq. 16 and get
a+ L) = Urlus (x)
s'(x) = " . [17]
W L - Tlew

This differential equation in s can now be solved, so that, for
any suitable function u, an entropic form s is obtained, Which
re(produces the superstatlstlcal distribution function p;”

) under the MEP.

It 1s easy to see that such entropies could explicitly depend
on U*, except for the first Khinchin axiom, which rules out such
dependence, dramatically reducing the possibilities for choosing
u. In fact, the first axiom can hold only if both u,(x) =r, and
u,(x) =r, are constants, implying u(p;) = r\p; + rs(p;), which
now allows us to absorb U* into the Lagrange multipliers. By
defining the constants

. a=pUn AL
“=iipon ™ P pU (18]
we can simplify Eq. 17 to
s/ (x) = %L(x) [19]
1 — puL(x)

with v =r,/r;. This equation can now be solved by simple inte-
gration. Note that because P; remains invariant if both r; and r,
are rescaled by the same factor, we can use r; = 1 without loss of

Hanel et al.



*
/|
ay

generality. With u(p;) = p; + vs(p;), the TS approach is recov-
ered. Note that more general constraints than those in Egs. 5
and 13 are ruled out by the first Khinchin axiom.

Two Entropies

We see that only two entropies remain, one obtained with ordin-
ary constraints (HT approach) and the other by employing escort
distributions in the functional of Eq. 13 (TS approach).

* HT entropy: The approach without escort distributions results
in Eq. 11

Spr(®) = A “WL(y) + . [20]

which yields the HT entropy (13, 14).
* TS entropy: The only possible entropy involving escort distri-
butions results from Eq. 19, which gives
— = [21]

sist) = [P

the TS result for the entropy, and P; = [p; + vsts(p;)]/
Y [pj +vsts(p;)] for the constraint. In ref. 10, f is set equal
to one.

a+pBL(y)

Duality of the Two Approaches. Using Eqs. 20 and 21, we have for
the functional relation between the two entropies

(@p — af) + s ()
G+ va) = w5 ()

!

she(x) = [22]

Suppose we reconstruct an entropic form s from state . We now
use this form in the MEP for another state ¢/, which could, for
example, be a state with a different internal energy. For both ap-
proaches, the HT and the TS, solving the MEP for state ¢’ leads to
distribution functions of the form

1
) = S Bt bel™)), [23]

where, for the HT approach, we have

(0) — @ (o)
0= d b= [24]
p) p)
and for the TS approach,
a(@) — o) ;30 ~(0)
a:ﬁia and b:lf H_#. [25]
ﬂ(”)(l + ya(o’)) ﬁ(”) 1+ va)

From Eqs. 24 and 25 and the requirements lim, & = a and
lim,_ f = B, we get

0=af—af and 12%4—1/(1, [26]

so that Eq. 22 simplifies to the relation

= —u. [27]

Remarkably, a and p drop out. This relation can be expressed in
terms of so-called generalized logarithms (g logarithms) for the
HT and the TS approaches. Generalized logarithms A(x) have
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been widely used in the context of generalized entropies, e.g.,
refs. 17 and 18. A is an increasing monotonic function with
A(1) =0 and A'(1) = 1. Eq. 27 suggests that, given s/q(x) =0
for some x = xy, Sy (o) is also 0, and further s74(xy) = s{;p(xo)-
If we define a constant ¢ = —xsy;r (%), the g logarithms asso-
ciated with the generalized entropies can be written as

1 1
Apr(x) = _Esi—[T(xOx)’ Arsx) = _ESITS(x(}x)- [28]

With these g logarithms, Eq. 27 becomes the duality relation
Afyr(¥) = Ags(x), [29]

where the duality operation * is defined by

A +cv

Note that Eq. 30 possesses a symmetry: The equation is invariant
under interchanging A (A = Agr) with A* (A* = Ars) and simul-
taneously changing the sign of v. Obviously, applying * a second
time (exchanging Ayt < Ars and v < —v) yields the identity,
as has to be the case for any duality®. In Eq. 30, we see that
the unique value of v, where A* and A and hence syt and stg
can coincide, is v = 0. On one hand, in the v — 0 limit, the HT
and the TS entropies are obviously identical. On the other hand,
superstatistical systems are generalizations of BG statistics. It is
therefore natural for the two approaches to coincide for the
BG case.

Example: Duality and Power Laws. For a large class of distribution
functions, the duality relation of the associated g logarithms in-
cludes the condition

A*(x) = =A(1/x) [31]

given in ref. 17. More precisely, a large class of families of g loga-
rithms is closed, and the usual logarithm is self-dual under this
map [self-duality here means log*(x) = log(x)]. (Without loss
of generality, we can set ¢ = 1 because c trivially rescales the
escort parameter v.) By requiring that both conditions, Egs. 31
and 30, hold—i.e., by inserting Eq. 31 into Eq. 30—it is possible
to derive explicitly a generic form of g logarithms

1 v]-!
Al = [%h[ilog(x)] ‘5} ’ 321

with 12 € (0,1] and A(x) a monotonically increasing function
h: [-o0,00] — [-1,1], with h(0) =0, A'(0) =1, h(x) = —h(—x),
and lim,_ /A (x) = 1. Each pair 4 and A defines a family of g loga-
rithms parametrized by v; each such family A, has the properties
() A; =A_, and (i) lim,_A, = log. The first property states
that the g logarithms associated with the TS and HT entropies
are dual to each other. The second property states that in the
v — 0 limit all these families reproduce the BG case.’ This result
is quite general: If sy is associated with a g logarithm A,/ of the
form Eq. 32 for some value ¢/, then stg is associated with A_,,
with / fixing the value of v in the escort probability.

The specific choice of /(x) = tanh(x) and 2 =1 yields the
family of g logarithms

*The duality * acts on pairs (A,v) in such a way that (A,v)* = (A*v*) with A* as in Eq. 30
and v* = —v. All elements (A,0) are self-dual, i.e., (A,0)* = (A,0), allowing us to explore the
HT-TS duality in many different directions that go beyond the scope of this paper.

SEQ. 31 as the starting point for producing *-closed families of g logarithms with properties
(i) and (ii) is not the most general Ansatz. Other possibilities will be discussed elsewhere.
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1 e
AR) = [—— 7| =
® Ztanh[5log(x)] 2 v

= log, (), [33]

where log,(x) = (x'7—1)/(1—q) and v =1-q. We see in a
concrete example how v is uniquely determined by the parame-
trization (here q) of the family of given distribution functions. It is
remarkable how requiring both Egs. 30 and 31 automatically
reproduces the condition necessary to recover Tsallis entropy
(19) within the TS approach.” Moreover, the duality A} = A_,
written in terms of g logarithms is just the well-known duality
log; = log,_,. The associated HT and TS entropies are

pPi X
Stslp] = —Z/) dxlog,_, (;0)
i
Y
B i
-

sl =<3, "o, ()

1

- l-q
~ a2-q) Zp oaP)ga g B

’

with xy = ¢'/(1=0) defined as above by s¢(x)|,,, = 0. Clearly Sts
gives the Tsallis entropy (20), whereas Syt corresponds to the
entropy for power laws discussed in refs. 13 and 14.

State Changes—the Superstatistical Transformation Group
As we have seen before, Eq. 23 determines how the superstatis-
tical Boltzmann factor B and the kernel f transform under state
changes 6 — ¢’. These transformations are

, 1
and B)(e) = ;B(”) (a + be), [35]

where z is a ratio of two normalization constants for ¢ and ¢,

respectively. For the transformation law of the superstatistical
distribution function, we find

/ dpf©) (B)ePlatbe)

et

0

= [Tasro e

— B)(e), [36]

1B a+be) =
z

where we substituted #/ = bf in the second line and used Eq. 35 in
the third line, together with Eq. 1. By comparison, f transforms
according to

FB) = Zb (b) e/t [37]

The value of z is fixed by the normalization condition for the
kernel, [®dpf)(p) = 1.

TIf a ¢ exponential is observed in the superstatistical system for some particular value of g,
then the entropy reconstruction in the TS approach produces different entropies stg de-
pending on the choice of v in the TS-MEP. Each of these entropies can be used to recover
the power law (g-exponential distribution) one has used to construct the entropy. Yet only
for the particular choice v = 1 — g does one get ¥ ;s15(p;) as the Tsallis entropy S, [p] for the
particular case (10).

40f5 | www.pnas.org/cgi/doi/10.1073/pnas.1103539108

For describing the transformation group, we introduce the
following notation: State o is characterized by a =0 and b = 1.
For state ¢/, a and b take other values. We now indicate the para-
meters (a,b) in the kernel through

flo) = plo),

Eq. 37 can now be written as
1 1 / a
renp =100 Jerss

From Egq. 36, we see that, under the state change ¢ — ¢/, the
energy e undergoes the affine transformation ¢ — a + be. We de-
fine three operators ®@;, ®,, and II representing translation of e,
dilatation of ¢, and normalization of f, respectively,

f@) =flad), [38]

[39]

@@ (5) = M), Db (B) = 1f @

f)
I dpf(B)

[40]
1f(p) =

@, and @, form groups

@ (a)®(a') = @ (a+a) D, (b)D,(b") = @y (b'),  [41]

with the identity elements ®;(0) and ®,(1), and the inverse
elements

ol @=ti(-a). o) -a(;). w2

@, (a) and ®,(b) do not commute:

@:(6)1 (@) = @ 5 ) @1(0), 143)

whereas the projection operator IT commutes with ®,. We finally
define the group

G(ab) =110, (b)®;(a). [44]
with the following group-composition rule and inverse element:

al
b'b)

G(a.b)G(a'b') = G(d' +ab' bb'),  G~'(ab) = G(—

[45]
Eq. 39 can now be written as
Fe0(B) = Gab)f*V(p). [46]
or, more generally,
7ep) = (52 )0 ). 7]

The generators of @, and ®, are given by g, = —f and g, =

—(14p4 & ). We have a representation of the Euclidean group
in one dlmensmn

These transformations apply to infinitely many different fs.
For example, if f(*!) leads to a g-exponential distribution with
a specific value of g, under these transformations, all possible
@b will give g exponentials with the same value of gq. The
functional form of distribution functions is preserved under
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the transformation group. More generally, for every type of
superstatistical distribution function, we can identify a represen-
tative f(*1) and call it the “progenitor” function, from which a
sequence Z(f) of f@?) can be generated by applying the transfor-
mation group. For every type of function f, there exists a unique
sequence to which it belongs. These sequences define equiva-
lence classes for the superstatistical kernels. Suppose experiments
on a superstatistical system produce a set of functions Q =
{f,,}X, for N different states o;, arbitrarily chosen. If Q c E(f)
for some fixed sequence Z(f), then state changes of the system
transform consistently under the transformation group Eq. 44
and an entropy S = Y ;s(p;) exists such that s is invariant under
state changes of the superstatistical system.

Discussion

By studying the possibilities of reconstructing entropies from
superstatistical distribution functions, we found that there exist
only two distinct frameworks, the HT approach (using only nor-
mal constraints) and the TS approach (employing escort con-
straints). A duality between the two approaches is shown to
exist, indicating that superstatistical systems can be explored in
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