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Magnetic Field from Current in a Wire
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Ampere’s Circuital Law: Biot-Savart Law:

Jean-Baptiste Biot
- (1774 -1862)

e

André-ll\m/iéﬂr'ié Ampere Félix Savart
(1775-1836) (1791 - 1841)



Magnetic Field from Current Loop
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Use Biot-Savart Law:
In the center:

. IdIxR
dH = I

4n|R|’ H = — [am]




Magnetic Field in a Long Solenoid




Magnetic Field from “Small” Loop (Dipole)
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Magnetic Field from Small Loop (Dipole)

R
/\0

Compare to
Electric dipole:

I }
-4

ForR>>r j
H= 14 |27 cos(8) + Bsin(0) | [Am]
ATR3

Magnetic (dipole) moment: = _ ;& [Am?]



Magnetic Field of a Dipole
i
! 0
ForR>>r w
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H = 2R3 [Zr cos(6) + Osin(0) ] [A/m] P
Magnetic (dipole) moment: o q a’ [Am2]
m




Magnetic Poles and Dipoles

Electric charge Magnetic charge, or “pole”

©: @

Magnetic field from a magnetic “monopole” .
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Magnetic Field of a Dipole
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Magnetic Field of a Dipole
i
! 0
ForR>>r w
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H = 2R3 [Zr cos(6) + Osin(0) ] [A/m] P
Magnetic (dipole) moment: o q a’ [Am2]
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Orbital Magnetic Moment

*Electrons orbiting a nucleus are
0 G like a circulating current producing
a magnetic field.

For an electron with charge g, orbiting at a radius R with
frequency f, the Orbital Magnetic Moment is

m=I1A=—-q.fR> [am?
* It also has an Orbital Angular Momentum
L=mVR=m_22RfR

* Note: m —q

L:2m

£ = gyromagnetic ratio

e



Orbital Moment is Quantized

Bohr model of the atom

A
'\dB *DeBroglie wavelength is:

’ h
2 o=y

e

*Bohr Model: orbit must be integer number of wavelengths
h h Niels Bohr

(1885-1962)
2R =NAz=N——=N
m,v m, 27Rf

 Thus the orbital magnetic moment is quantized:

m:_qefﬂ-RZ: Li:Nh&
2 2m, 2m

« Magnetic moment restricted to multiples of

e

Bohr Magneton

Scanned at the American

h Institute of Physics
_ "9

= 92742 X10_24[Am2] Louis de Broglie

? me (1892-1987)

Hp




Spin

e Spin is a property of subatomic particles
(just like charge or mass.)

« A particle with spin has a magnetic dipole

moment and angular momentum. R i |

: Pauli and Bohr contemplate

« Spin may be thought of conceptually as hapni o -

. 2 the “spin” of a tippy-top
arising from a spinning sphere of charge.

(However, note that neutrons also have spin

but no charge!)



Electron Spin

 When measured in a particular direction, the
measured angular momentum of an electron is

L, =2
2

 When measured in a particular direction, the measured magnetic
moment of an electron is

fi Compare:
Je
m, =S, =t g Spin Orbital

. e . mz — iILlB mz — N:uB
* We say “spin up” and “spin down”

m = _ qe m = _ qe
*Note: —q, L m, L 2m,
L m m _
e g=2 M_g= g-1
L 2m,




Demonstrated that magnetic moment
IS quantized with +z4

Classical
rediction
P What was Silver atoms
actually observed
)
\ % Furnace
Inhomogeneous
magnetic field
Scanned at the American
Institute of Physics
Walther Gerlach, Otto Stern (1922). "Das magnetische Moment des Walter Gerlach

Silberatoms". Zeitschrift fir Physik A Hadrons and Nuclei 9. (1889-1979)



Stern-Gerlach Experiment
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Gerlach's postcard, dated 8 February 1922, to Miels Bohr. It shows a photograph of the beam splitting,
with the message, in translation: "Attached [is] the experimental prootf of directional quantization.
We congratulate [you] on the confirmation of your theory." (Physics Today December 2003)



Quantum Numbers of Electron Orbitals

*Electrons bound to a nucleus move in orbits identified by quantum numbers
(from solution of Schrodinger's equation):

n 1. principal quantum number, identifies the “shell”
¢ 0.n-1 angular momentum g. #, type of orbital, e.g. s,p,d,f
m, -€.C magnetic quantum number
m, +% or -% spin quantum number
For example, the electron orbiting the Spectroscopic notation
hydrogen nucleus (in the ground state) has: (=0 s
=1 p
n=1, ¢=0, m=0, m=+% =2 d
(=3 f
. NN
In spectroscopic notation: 1s . ¢ T .
AN | v inorbital
152282




Spin and Orbital Magnetic Moment

» Total orbital magnetic moment (sum over all electron orbitals)

Mot orbital = Mg Z m,
» Total spin magnetic moment

mtot_spin — ZIUB Z ms

E.g. Iron:
15225%2p53523p®3d%4s2

How to fill remaining d orbitals (¢=2) 6 electrons for 10 spots:

mE=+v%2 | A 0 0 0 0

m.=-Y 0 Maximize Zm,

Hund’s rules:

Then maximize Xm,

Myt orbital = 2445 Myt spin = 411,
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Magnetization, M

Atomic magnetic moment: What is H here?

Object magnetic moment:

Mypj. = XMgiom [AM]

. . Magnetic moment per unit volume:
Atomic density: J P

N L, Mpi
d = — [1/m?] M et vool] = M ypomd AN




Equivalent Loop Currents

Y= I

Atomic magnetic moment: (> OO What is H here?
Mhgeom = 14 17 |2 g::
Object magnetic moment: gggggg e

Mypj. = 2Mgtom A7)

. . Magnetic moment per unit volume;
Atomic density: J P

N —4 mOb . —>
d = — M & vol] = Mypomd A




Equivalent Surface Current

0

Atomic magnetic moment:
_) é

— Am?

Myom = 1A [AT]

Object magnetic moment:

S—

TS

Mypj. = 2Mgtom A7)

Atomic density:

N
d = — [1/m?]

vol

o

n What is H here?

JS [A/m]

Equivalent surface current:

Jo=MxA [Am



Magnetic Pole Model

Atomic magne-q"[ic momﬁ % % % % I
o = and 7 11111
Object magnetic moment: | | | | [ ] ]

Mopj. = 2Mgrom AN

What is H here?

Magnetic moment per unit volume:

Atomic density: s

N M et

d = — [l/m3] vol
vol



Equivalent Surface Pole Density

Surface charge density:
w/?
Qm [Am]

& EEEEEREY LXK
9999908009
1 299299900909

area [m?]

pms

Atomic magnetic moment: |
_, > .5
— 2 |

matom — de [Am?] o TM _____________________

Object magnetic moment:

Mypj. = XMgiom [AM]

- : Magnetic pole density:
Atomic density: 9 P y

d — i [1/m3] pms
vol

—

=M-A  [Am



Example: NdFeB Cylinder

< 3cm R

'\f_‘/

2 cm T \.}.J.
~——— °

M =10 tam Jo=10° [am]
vol ~14.106 m | = 20000 A
~ 7. -4 12
m =14 a7 A=710% m

m=1A=14 A



Example: NdFeB Cylinder

« 3 cm R
2 Cm [ TM
M =106 [am]

vol ~14.10° m

m =14 A

Pins =106 (a/m
A =7.10%
q, =700 [Am
d=2.102 [l



Example: NdFeB Cylinder

Result is the same external to magnetic material.

Hint: we are “far” away from the dipoles!!!



Example: NdFeB Cylinder

/

| | o
tm fimssee:
Yimiquns

Result is different inside the magnetic material.
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The Constitutive Relation
B = po(H + M)

Magnetic flux density | Tesla |

Magnetic field, “Magnetizing force”

[A/m]
Magnetization [A/m]

Magnetic constant, “Permeability of free space” [Tesla-m/A] [Henry/m] [N/A?]

Note, in vacuum, M is zero:

—

Bzﬂoﬁ



What is p, ?

1, comes from the Sl definition of the Ampere:

The ampere is that constant current which, if maintained in two straight
parallel conductors of infinite length, of negligible circular cross section,
and placed 1 meter apart in vacuum, would produce between these
conductors a force equal to 2x10~7 newton per meter of length.




Maxwell’'s Equations (Magnetostatics)

Differential form Integral form
V-B=0 # B-ds=0
VxH=] f H-dl=1

With:

V-l_i:u(,(v-ﬁ+v-ll_/f) V-ﬁ:—v-ﬁ:pm [A/m?]

Magnetic charge density
l.e. magnetic charge/volume



Example: NdFeB Cylinder




Boundary Conditions

The perpendicular component of B
IS continuous across a boundary

Hy 1y Hy

The transverse component of H is
continuous across a boundary
(unless there is a true current on
the boundary)



Demagnetizing Fields

Demagnetizing Factor



Demagnetizing Factors: Special Cases

H; =—-NM Nx+Ny+NZ=1
Sphere Thin Sheet
Long Rod
1
Ny=Ny=N,=3 N,=N,=0
N,=1



Demagnetizing Factors

Table 2.2. Demagnetizing Factors for Rods and Ellipsoids Magnetized Parallel
to the Long Axis (after Bozorth":'")

Prolate Dimensional Prolate Oblate
- Ratio k Rod Ellipsoid Ellipsoid
Oblate Spherical R R R
1 0.27 0.3333 0.3333
2 0.14 0.1735 0.2364
5 0.040 0.0558 0.1248
10 0.0172 0.0203 0.0696
20 0.00617 0.00675 0.0369
50 0.00129 0.00144 0.01472
100 0.00036 0.000430 0.00776
200 0.000090 0.000125 0.00390
500 0.000014 0.0000236 0.001567
1000 0.0000036 0.0000066 0.000784
2000 0.0000009 0.0000019 0.000392

“Demag” fields in ellipsoids of revolution are uniform.
H;=—-NM

N.+N,+N,=1



Example: Ba-Ferrite Sphere

Barrium Ferrite;

M~150 [kA/m]
11
M - B
NxZNyZNZZ% B = uo(H + M)
H;=—-NM B = p1o(100 [ka/m] )

H; = —50 [kA/m] B =0.126 [Tesla]



Example: Ba-Ferrite Ellipsoid

Barrium Ferrite;

1 [ (mn

H; = —-NM

Hy;=—67.5 [kam] B =0.104 [Tesl]



Example: Ba-Ferrite Ellipsoid

Barrium Ferrite;

M~150 [kA/m]
M H g
N,=0.1 L
B =puy(H+ M)
Hy=-NM B = po(135 [k/m)

H;=-15  [kAm] B=017 [Teslal



Susceptibility and Permeability

Ideal permanent magnet

1

v
Real, useful magnetic material

Ideal, linear soft magnetic material

M
A
<€ > H

4

M= yH
Susceptibility [unitless]

B = po(H + xH)
B = po(1+ x)H
B = pouH

Rel. Permeability
[unitless]



Example, Long Rod in a Long Solenoid

| =1A Uy = 1000  y =999
N/L = 1000/m

H = M. 1 [KA/m]
L
M = yH = X% = 999 [kA/m]
B = uy(H + M) = uy(1000kA/m)= 1.25 [Tesla]
or:

B = pou,H=1.25 [Tesla] Note: without the rod:
B = ugH=0.00125 [Tesla]



Example, Soft Magnetic Ball in a Field

T | ]

DA H

M N rd

d

M = yH :X(Hext +Hd) :X(Hext _NM)

__X y _ X
1+ Ny Xeff “1+ Ny

< 3!



Example, Soft Magnetic Ball in a Field
> WA /T ) <

/ Q/ \K\

B
M = yH :X(Hext +Hd) :X(Hext _NM)

__X y _ X
1+ Ny Xeff “1+ Ny

< 3!




Example, Thin Film in a Field

ext

M = XHinside :X(Hext +Hd) :X(Hext _M)

X
M = m” ext
1
Hinside = mHext Binside = Bext

Why?



Torque and Zeeman Energy

=
. +++"_|'_++% Force:
— — F =q,B
m
_ BN Torque
T——— T =m x B
= Energy



Self Energy and Shape Anisotropy

=2 [[f wobt- vy 0] (

N

vol
Higher energy Lower energy
“Shape Anisotropy”
E = 2usM.2(N, — N,)sin?(6
E 4 = sHoMs (N — Ny)sin“(6)
Hard Hard :
|
I
Egsy asy, __ N Easy axis
0 I
0 180 360 :
I

Hard axis



Magnetic Circuits

path length, |
e ng-dl:NI
— /S \ area,A
\
N turns@
A\ ,’ Assuming flux is uniform and contained
S- =7 inside permeable material:
¢
B = H=-=
”O”T A
NI = ¢pR

Magneto-motive force, “MMF” Reluctance, R = —

UA

7 [ N l

Flux



Magnetic Circults

R4 R,

ANV
R, NI Rga% l D gap

Solve using electric circuit theory.



Units Confusion

CGS Units
B [Gauss]
H [Oersted]
M [emu/cc]
472M |[Gauss]
B=H+4mtM

B-H [dyne/cm?]

Ny+N,+N,=4m

S| Units

B . [Tesla]
H . [A/m]
M . [A/m]
B-H [J/m?]

Ny+N,+N,=1



Books on Magnetism

B.D. Cullity, Introduction to Magnetic Materials, Wiley-IEEE
Press, 2010. (revised version with C.D. Graham).

M. Coey, Magnetism and Magnetic Materials, Cambridge
University Press, 2010.

S. Chikazumi, Physics of Magnetism, John Wiley and Sons,
1984.

R.C. O’'Handley, Modern Magnetic Materials, John Wiley & Sons,
2000.

R.L. Comstock, Introduction to Magnetism and Magnetic
Recording, John Wiley & Sons, 1999.

D. Jiles, Introduction to Magnetism and Magnetic Materials, CRC
Press, 1998.

Bozorth, Ferromagnetism,1951 (reprinted by IEEE Press, 1993.)
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